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1. Let K be a compact convex set in a Euclidean space and (X) be
the family of all closed convex (non-empty) subsets of K. Kakutani’s
fixed-point theorem! asserts that, for any upper semicontinuous point-to-set
transformation f from K into ®(K), there exists a point x, ¢ K such that
xo € f(xo). Here upper semicontinuity means that lim x, = xo, ¥, € f(xs)
and lim y, = y, imply ¥ e f(xo). On the other hand, A. Tychonoff? has
shown that, if K is a compact convex set in a locally convex topological
linear space L, then any continuous point-to-point transformation from
K into itself has at least one fixed point. In the present note, Theorem 1
is a common generalization of both theorems of Kakutani and Tychonoff.
Like Tychonoff, we consider a compact convex set K in a locally convex
topological linear space L. Like Kakutani, we deal with upper semi-
continuous point-to-set transformations from K into £(K). However,
since the first countability axiom is not assumed for the space L, we have
to define the upper semicontinuity in terms of open sets, not in terms of
convergent sequences. (The two definitions are equivalent for metric
spaces.) Recently H. F. Bohnenblust and S. Karlin® have extended
Kakutani’s theorem to Banach spaces along the same lines as Schauder’s
fixed-point theorem* generalizes Brouwer’s; their result does not include
Tychonoff’s theorem.
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Theorems 2 and 3 of this note are applications of Theorem 1. In the
case of two Euclidean spaces, Theorem 2 was first proved by von Neumann.5
Theorem 3 extends von Neumann’s minimax theorem® to locally convex
topological linear spaces, and thus includes also the minimax theorem of
J. Ville.” :

2. As a topological linear space is not always metrizable, but is always
a separated uniform space,® we shall need the following

LemMa 1. Let X be a separated uniform space. Let A be a closed set
and B a compact set in X. For any entourage U of the uniform structure
of X, there exists another entourage V such that

V(4) n V(B) ¢ U(4 n B), 1)

where V(4) = {x eXI(a, x) € V for some a eA}and V(B), U(A n B) have
similar meaning.

2
Proof: Choose an open entourage Ui, such that U; ¢ U. Then
Ui(4 n B) is open. Let C be the set of all points of B not belonging
to Ui(A n B). Then C is a compact set disjoint from the closed set 4.
We can find an entourage U, such that C n Ux(4) = ¢, which implies
-1

B n Uy(4) € Ui(A n B). If Visan entourage such that V' = V ¢ U,
2
and V c U, then (1) is satisfied. In fact, for any x € V(4) n V(B), we
-1
have (@, x) ¢ V, (b, x) ¢ Vwitha e 4, b ¢ B. Since V = V, we have (a,
2

b) € V € U, and therefore b ¢ B n Uy(A) ¢ Uy(A n B). There exists
¢ €A n Bsuch that (¢, b) e U;. This together with (b, x) ¢ V implies
2

(c,x) e V-Uiec Uyec Uorx e Uk) € U4 n B).

Let X, Y be two topological spaces and let €(¥) denote the family of
all closed sets in Y. A point-to-set transformation f from X into €(Y) is
called upper semicontinuous (u. s. c.), if, for any point x ¢ X and any open
set U in Y such that f(x) € U, there exists a neighborhood W of x, such
that f(x) ¢ U for all x ¢ V.

THEOREM 1. Let L be a locally convex topological linear space® and K a
compact convex set in L. Let R(K) be the family of all closed convex (non-
empty) subsets of K. Then for any u. s. c. point-to-set transformation f
from K into R(K), there exists a point x, € K such that xy € f(xo).

Proof: Let B be a fundamental system of neighborhoods of the null-
element 0 in L. L being locally convex, we may assume that each 7 ¢ 8
is convex, open and such that V = — V. For each V ¢ B, let

F, = {xeleef(x) + 17}

If we can prove that each Fy is non-empty and closed, then it will follow
that also any finite intersection of them is non-empty. The compactness



VoL. 38, 1952 MATHEMATICS: K. FAN 123

of K will then imply nstV # ¢. Clearly any point x, in this intersection
: Ve

will satisfy x, € f(x0).
Consider an arbitrarily fixed V ¢ 8. As K is compact, there exists a
”

finite number of points 2, 25, ..., 2, of K such that K ¢ v (V + z,).
i=1

Let C be the smallest closed convex set containing 2, 2, ..., 2,. Let
f(C) be the family of all closed convex (non-empty) subsets of C. For
each x ¢ C, we define

frx) = (fx) + V) nC.

Since V is convex, it can be easily seen that fy is a transformation from
Cinto (C). We claim that fyisu.s.c. Letxo ¢ C and let U be an open
set in L such that fy(xy) € U. As fy(xo) is compact, we can finda V; ¢ 8
such that V; + fy(x) € U. By Lemma 1, there exists a V; ¢ 8 such that

(Vat fx) + V) n (Va+ C) € Vi+ [(flx) + V) n C.
We have then

(Va+fx) + V) n C c Vi+ fy(x) € U.

Now, f being u. s. c., there is a neighborhood W of x, such that f(x) ¢ V, +
f(xo) forallx e W n K. Hence, forx e W n C, we have

fr®) = (fx) + V) nC e (Va+ flx) + V) nC c U.

This proves that fy is u. s. c. By Kakutani’s theorem, there is a point
" %o € C such that x, € fy(x0) € f(x0) + V. Hence Fy &= ¢.
Let y € K be not contained in F,. Then y is not contained in the closed
set f(y) + V. Thereis a V; e B such that

G+ V) n(fO)+V+ V) =9

Again since f is u. s. c., there is a V, ¢ B such that f(2) < f(y) + V;for all
ze(y + Vo) n K. We may assume V, ¢ V3. Then for any z ¢ (y +
Vo) n K, zisnotinf(z) + V, norin Fy. This shows that Fy is closed and
completes the proof.

3. LemMma 2. Let X, Y be two topological spaces, of which Y is compact. .
Let E be a closed set in the product space X X Y. For any x ¢ X, let E(x)
be the section of E determined by x: E(x) = { Y € Y| (x, ) € E} Then
x — E(x) 1s an u. s. c. transformation from X into €(Y).

Proof: For any subset 4 of X, we use the notation E(4) = V E(a).
aeA

Let B be the family of all neighborhoods of a point xp e X. Then we have
E(xy) = n E(W). Now, if U is an open set in Y containing E(x,), and
WeB

if F denotes the complemenf of Uin ¥, then F n [anE(W)] = ¢, and,
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since V is compact, there exists a finite number of nenghborhoods W,
Wa, , Wy of xy such that F n[nE(W,)] ¢. Thus W = n W, is

i=1 i=1

a neighborhood of x, such that E(W) c U.
LemMMA 3. Let X be a topological space and { Y,},a be a family of compact
spaces. Let Y = I1 Y, be the product space. If, for eachv €I, f,isan u. s. c.

vel
transformation from X into €(V,), then the transformation f from X into

G(Y) defined by f(x) = II f,(x) s also u. s. c.
vel
Proof: Consider first the case of a finite set ] = {1, 2, ..., n} Let
%o € X and let U be an open set in ¥ such that f(x,) = II fi(xs) € U. By
i=1

a theorem of A. Weil, the compact space Y, can be regarded as a uniform
space.? Since f;(x,) is a compact set in the uniform space Y, and U is

an open set in ¥ containing II fi(x0), there emsts for each 7 an open set

i=1

Uiin Y such thatfi(x,) ¢ U; (1 £ 71 < n) and II U, c U Asf;isu. s. c.,

there i 1s a nelghborhood W, of x, such that f,(x) c U, for x € W, Then

W = n W, is a neighborhood of x, such that f(x) = H fi(x) € H U ecU
=1 1=1

i=1
forallx ¢ W.
Next consider the case of an infinite set . Let x, ¢ X and let U be an
open set in ¥ such that f(x,) = II f (%) € U.

If fi,(x0) = ¢ for some v, € I, then, as f,, is u. s. c., we can find a neighbor- -
hood W of x, such that f,o(x) = ¢ for all x ¢ W. This implies that f(x) =
f(x) =¢ ¢ Uforallx ¢ W.
vel :

Assume now f,(x,) # ¢ for each » ¢ I. Since U is a union of elementary
open sets (i.e., basic prisms) of ¥ and II f,(x,) is compact, there exists
1 .

a finite number of elementary open sets vl}m in Y (1 £ j < m) such that
() < EIU@ <. @
These m sets U are of the form
U9 = MU® x Y,

i=1 vel
vy

where U, is open in ¥,. As each f,(xo) % ¢, (2) implies

H f.‘(xo) cu Il U9,

j=1i=1
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where the right-hand side is an open set in H Y,.. From what we have

i=1 ”

just proved for the case of a finite set I, the transformation x — H f,, (%)

from X into @( v, ) is u. s. c. Hence, there exists a nelghborhood w
i=1

of xy such that

n

Hf(x) c U HU(’)foraller

i=1 j=14=1

This implies that

fx) = Hf,(x) cu U? c Uforall x e W.
J—

THEOREM 2. Let {L,},, 1 be a family (finite or infinite, not necessarily

countable) of locally convex topological linear spaces. For each v e I, let

K,beacompactconvexsetinL andletH = IIK, LeeK= IIK,and

Nel vel
Ay

let {E,} »e1 be a family of closed subsets of K. If, for any pomt x ¢ K and for
any v € I, the set in K,

P"K.[E, n (Kr X Prer)] (3)
is non-empty and convex, then n E, = ¢.
1

Proof: As K = K, X H,, the set (3) is the section of E, determined
by the point prg,x of H,, and therefore may be denoted by E,(prgx). By
Lemma 2, the transformation prg,x — E,(pra,x) from H, into €(X,) is
u. s. c. On the other hand, the projection from K onto H, is a continuous
point-to-point transformation. Hence the transformation x — E,(prax)
from K into €(K,) is u. s. c. and therefore, by Lemma 3, the transformation
f from K into €(K) defined by f(x) = HIE,(prg,x) is u. s. c. Further-

more, as E,(prs,x) is non-empty and convex, we have f(x) ¢ 8(K). By
Theorem 1, there exists a point x ¢ K such that x e f(x), which means

x e n E,
vel

Using the case I = {1, 2} of Theorem 2, one can easily prove:

THEOREM 3. Let Ly, L, be two locally convex topological linear spaces,
and K, K, be two compact convex sets in Ly, L,, respectively. Let f be a real-
valued continuous function on Ky X K,. If, for any xo € K1, yo € K,, the

sets {x € K| f(x, y0) = Max f(¢, )} and {y ¢ Ks|fGx, 3) = Min f(xo, m)}

ne 2
are convex, then

Max Min f(x, y) = Min Max f(x, y).
xeKi1 yeK: yeK: xeKi
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Theorem 3 includes Ville’s minimax theorem, which we state in a much
more general form: Let X, X, be two compact spaces and let ¢ be a real-
valued continuous function on X, X X,. Let M* (1 = 1, 2) be the set of all
regular Borel measures on X; with total measure 1. Then'

Max Min S od(us X ws) = Min Max S od(u X ma).

preMi* use Ma* X, X X2 preMs* meM* X, X X

We also mention that a direct application of Theoren 2 yields the follow-
ing result on systems of linear equations with dominant diagonal
coefficients: Let Y, ayx, = by(\ € I) be a system (finite or infinite, not

vel

necessarily countable) of linear equations with real coefficients such that for
each fixed N ¢ I, the family {ay,},.; is summable.t If ay, = Y |an,| +
vel
vEN
|bx | for each \ e I, then the system has a solution {x},.1 such that —1 <
x, = 1 for each v ¢ I.
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