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point set. This completes the proof of the generalized Huygens principle. If u
satisfies an inhomogeneous relation Mu = g, the above reasoning shows that the
differentiability of u(P) is governed by the differentiability of g only in the neighborhood of the bicharacteristics issuing from P.
*
Dedicated to Carl Ludwig Siegel in Gottingen on his sixtieth birthday.
t A detailed paper will appear in Comm. Pure and Appl. Math. The laws of propaga-

tion of (liscontinuities along bicharacteristics, in particular for differential equations of second
order, have often been discussed in the literature. (See, e.g., R. Courant and D. Hilbert, Methods
of Mathematical Physics, Vol. II, chaps. V, VI, and J. B. Keller, "Geometrical Acoustics I. The
Theory of Weak Shock Waves," J. Appl. Phys., 25, 938-947, 1954.)
1 See K. 0. Friedrichs, Comm. Pure and Appl. Math., 7, 345-393, 1954, for symmetric hyperbolic
systems, and J. Leray, Lectures on Hyperbolic Equations with Variable Coefficients (Princeton, N.J.:
Institute for Advanced Study, 1952), for general hyperbolic systems.
2 Radon's formula was used in the solution of Cauchy's problem for equations with constant
coefficients by R. Courant and A. Lax, Comm. Pure and Appl. Math., Vol. 8, 1955. For diverse
application see Fritz John, Plane Waves and Spherical Means (New York: Interscience Publishers, Inc., 1956).

MARKET EQUILIBRIUM*
BY GERARD DEBREU
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Communicated by Marston Morse, August 31, 1966

Let there be 1 commodities in the economy. When the price system is p e R',
the excess of demand over supply is z e R'. Generally, p does not uniquely determine z; it determines a set r(p) of which z can be any element. The problem of
market equilibrium has the natural formulation: Is there a p compatible with
z = 0, i.e., is there a p such that 0 e(p)?
In usual contexts, two price systems derived from each other by multiplication
by a positive number are equivalent, and all prices do not vanish simultaneously.
Thus the domain of p is a cone C with vertex 0, but with 0 excluded.
Since no agent spends more than he receives, the value of total demand does not
exceed the value of total supply; hence p z . 0 for every z in (p). This can also
be written p-r (p) . 0, i.e., the set (p) is below (with possibly points in) the hyperplane through 0 orthogonal to p (see Fig. 1).

FIG. 1
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It is intuitive that, under proper regularity assumptions, there is in C a p, different from 0, for which ¢(p) intersects r, the polar of C (whose definition is recalled
in the Appendix). The theorem gives a precise statement of this result. Its interest lies in the fact that, for a wide class of economies, r n t(p) $ D implies
0 1e t(p).'
It is convenient to normalize p by restricting it to the unit sphere S = Ip E Rh

= 1}.
pIPTHEOREM.

Let C be a closed, convex cone with vertex 0 in RI, which is not a linear
manifold; let r be its polar. If the multivalued function r from C n S to RI is upper
semicontinuous and bounded, and if for every p in C n S the set ¢(p) is nonempty,
convex, and satisfies p * t(p) _ 0, then there is a p in C n S such that r n (p) $ (D.
Proof: Throughout, Z denotes a compact, convex subset of R1 in which r takes
its values; such a subset exists, since v is bounded.
1. The theorem is first proved in the case where r has an interior point z0. It
is more convenient here to normalize p by restricting it to the set P = { p e C p * z°
--1 }, which is easily seen to be nonempty, compact, and convex.
Given z in Z, let 7r(z) be the set of maximizers of p * z in P. The set 7r(z) is clearly
nonempty and convex, and the multivalued function wr from Z to P is easily seen
to be upper semicontinuous.
Consider, then, the set P X Z and the multivalued transformation so of this set
into itself defined by r(p, z) = 7r(z) X r(p). Since sp satisfies the conditions of the
Kakutani2 fixed-point theorem, there is a pair (p*, z*) which belongs to jp(p*, z*),
i.e., p* e 7r(z*) and z* e t(p*).
The first relation implies that p z* < p* z* for every p in P; the second implies
that p z* < 0; therefore, p-z* < 0 for every p in P; hence z* E r. This, with
z * e r(p*), proves that r n (p*) $ 4.
2. In the general case, r is considered as the limit of an infinite sequence of
cones rm with vertex 0, having nonempty interiors. These cones are constrained
to be closed, convex, different from RI, and to contain r.
Let Cm be the polar of rm; it is contained in C, which is the polar of r. Apply,
then, the result of paragraph 1 to the pair Cm, Fm: there is a pair (pm, zm) such that
pm e Cm n S, zm e rm, and zm E;(pm).
Since S X Z is compact, one can extract from the sequence (pm, Zm) a subsequence
converging to (p*, z*). Clearly, p* EC n S, z* e r, and z* 8 ¢(p*) (the last relation
by upper semicontinuity of ¢).
Remarks: The central idea of the proof is taken from Arrow-Debreu.3' 4 It
consists, given an excess z of demand over supply, in choosing p so as to maximize
p . z. It has a simple economic interpretation: in order to reduce the excess demand, the weight of the price system is brought to bear on those commodities for
which the excess demand is the largest.
Since the convexity assumptions in Kakutani's theorem can be weakened (see
Eilenberg-Montgomery5 and Begle6), the assumption that (p) is convex is inessential.
Gale7 and Debreul have, independently, stated (and Kuhn8 has proved in a third
way) the theorem in the particular case where C is the set of points in RI all of whose
co-ordinates are non-negative. The underlying economic assumption is that commodities can be freely disposed of. As McKenzie9 emphasizes, it is very desirable
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to relax that assumption. The purpose of this note was to give a general market
equilibrium theorem with a simple and economically meaningful proof.
P < 0
Appendix.-Let C be a cone with vertex 0 in R1; its polar r is the set Iz e R JpZ
for every p in C}. This set is a closed, convex cone with vertex 0. It can also be described
as the intersection of the closed half-spaces below the hyperplanes through 0 with normals p
in C.
It is immediate that -C' contains C2. implies .r2 contains rF.. One can prove that if
C is closed, and convex, then C is the polar of r, i.e., the relation "is the polar of" becomes
symmetric.
Let V/ be a multivalued function from a subset B of R' to Rn; it is said to be upper semicontinuous if <e - x0, y8 e {/(x2), yq y° implies .y0 e V(X°)>.
*
A technical report of research undertaken by the Cowles Foundation for Research in Economics

under contract with the Office of Naval Research. Based on Cowles Foundation Discussion
Paper No. 10 (February, 1956). Reproduction in whole or in part is permitted for any purpose of
the United States Government.
I thank Shizuo Kakutani for the valuable discussion of this question I had with him, and Lionel
McKenzie for his comments on an earlier draft.
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A UNIFIED THEORY OF GENERAL RELATIVITY OF
GRAVITATION AND ELECTROMAGNETISM. III
BY LUTHER P. EISENHART
PRINCETON UNIVERSITY, PRINCETON, N.J.

Communicated September 17, 1956

This is my third proposal of a unified theory.' The theory is based upon a
symmetric tensor gas, a coefficient of connection r1ink and an electromagnetic vector
(P, in terms of which there is the skew-symmetric electromagnetic field tensor
(1)
Fij= 'Pj - spy,i= spi;j (Pj;iHere, and throughout the paper, a comma followed by an index denotes the derivative with respect to x with this index, and a semicolon followed by an index denotes
the corresponding covariant derivative in terms of the Christoffel symbols in gij.
From equation (1) it follows that
-

