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compute explicitly the value random field of the dynamic
allocation problem, a la Whittle.
The paper is organized as follows: we start with the
formulation and study of a family of optimal stopping problems (section 2), which allows the introduction of the Gittins
index sequences and the study of their properties (section 3).
The dynamic allocation problem is formulated in section 4 in
the manner of Mandelbaum (7), and is solved in section 5 by
extending to the non-markovian case the dynamic programming methodology of Whittle (3). Section 6 discusses a
representation of the value that involves the so-called "index
random field." All the proofs are collected in Section 7.

ABSTRACT
We combine the formulation of Mandelbaum
[Mandelbaum, A. (1986) Probab. Theory Rel. Fields 71, 1291471 with ideas from Whittle [Whittle, P. (1980)J. R. Stat. Soc.
B 42, 143-149] to obtain a simple and constructive proof for the
optimality of Gittins index processes in the general, nonmarkovian dynamic allocation (or "multi-armed bandit")
problem. Our approach also provides an explicit expression for
the value of this problem.

Section 1. Introduction
We consider in this paper the general, non-markovian formulation of the dynamic allocation (or "multi-armed bandit")
problem in discrete time: there are d independent "projects"
(or "arms"), only one of which may be engaged (pulled) at
any given time, while the others remain "frozen." By engaging a particular project one receives a certain random
reward, depending on time and on the history of the project
that is being engaged. The objective is to maximize total
expected discounted reward over an infinite horizon. How
then is one optimally to schedule in time the pulling of the
various arms?
Questions of this sort were essentially open for a long time,
at least from the 1940s, until Gittins and his collaborators
made fundamental contributions in the 1970s that amounted
to a real breakthrough (cf. refs. 1 and 2). Working in a
markovian framework for the evolution of the states of the
independent projects, Gittins demonstrated that it is possible
to assign to each project an "index function" of its state,
computable (in principle) in terms of that project's dynamics
only and such that the optimal policy takes the following
form: at any given time, compute the indices of different
projects and engage a project with maximal index. In refs. 3
and 4, Whittle then provided elegant, insightful, and mathematically concise demonstrations for the optimality of Gittins's rule; Whittle's work was later complemented by that of
Tsitsiklis (5).
This work was extended to a general, non-markovian
framework by Varaiya et al. (6) and by Mandelbaum (7), who
also provided a formulation of the question as a control
problem with time parameter in a multidimensional partially
ordered set [in the manner of Mandelbaum and Vanderbei
(8)]. The arguments and proofs in both these works, however,
are quite lengthy and demanding.
We offer in this note an approach to the general discretetime problem, which combines the powerful formulation of
Mandelbaum (7) with the explicitness, brevity, and clarity of
Whittle (3). It is based on a very detailed "martingale" study
of individual optimal stopping problems and of the associated
Gittins index sequences, in terms of which one is able to

Section 2. A Family of Optimal Stopping Problems

Consider a probability space (Ql, 9;, P) and on it a random
sequence H = {h(t)}7=1 that takes values in [0, oo), satisfies

EEL
P'h(t+1)<oo
t=O

[2.1]

for some given discount factor fB E (0, 1), and is predictable
with respect to a given filtration {J;(t)}r,0. We assume that
9;(0) = {4, fQ}, denote by 9(O) the class of {1;(t)}-stopping
times with values in {6, 6 + 1, . .} U {+oo} for any 6 E No,
and consider the family of optimal stopping problems

V(t; m) 4 esssupe&(t)E [

1puth(u + 1) + m,837-t 9(t)
t E No

[2.2]

indexed by m E [0, oc).
From standard theory on optimal stopping (e.g., chapter VI
of ref. 9) we know, for any given m E [0, a), that the sequence
t-1

Z(t; m) 4 /3V(t; m) +

E PNh(u + 1),

t E No [2.3]

U=O

is the Snell envelope of (i.e., the smallest nonnegative supermartingale that dominates) the sequence
t-1

Y(t; m) 43'm + j /3uU 1),

t E No;

u=O

[2.4]

that the stopping time

o,(m)= o(t; m) 4 inf{6 2 t/V(6; m)

=

m}

[2.5]

is optimal for the problem of Eq. 2.2;
that the sequence

{Z(6 A ort(m); m), ?#(0)},0=

[2.6]

is a martingale; and that the dynamic programming equation,
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V(t; m) = max[m, h(t + 1) + PE{V(t + 1;
1232

m)19(t)}],

[2.7]
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holds a.s. for every t E= No.
Based on this theory one can establish the following facts
(proven in Section 7), for any given t E No.
LEMMA 2.1. The mapping m + u(t; m) is decreasing and
right-continuous, a.s.
LEMMA 2.2. The mapping m '-+ V(t; m) is convex and
increasing, with right-hand derivative

a+
-V(t; m) _
am

1

limrjno 6 [V(t; m + 8) - V(t; m)]

+|t;(t)
)
]
P 3h( h(

Ef3V 2,0

00

~

[

0

-=(1 - P)E[23M(t,|§
6)

m) = E[,BP(t;m) tI(t)],

a.s.

[3.7]

a.s.

[3.8]

a.s.

[3.9]

[2.8a]

given, for any m E [0, m0), by
- V(t;
am

1233

[2.8b]

a.s.

V(t; m)
= (1 -

Section 3. Gittins Index Sequences
Let us denote by A4(t) the class of all positive, 9J(t)measurable random variables. By analogy with Whittle (3),
Varaiya et al. (6), and Mandelbaum (7), we define the Gittins
index at time t E No as

M(t) A esssup{X E A(t)/V(t; X) > X, a.s.}
= essinf{X E AA(t)/V(t; X) = X, a.s.}.

[3.1]

[ 'e(mV M(t 6)) | ft)
8)[E

The proofs are given in Section 7. Note the significance of
Eq. 3.8: in the computation of expected future total discounted reward, conditional on 9;(t), the reward sequence
{h(6 + 1)},=, may be replaced by the decreasing sequence
{(1 - 13)M(t, O)}@=I.
Remark 3.2: For any given t E No, the function m
(a+/am)v(t; m) is right-continuous and increasing; it is equal
to zero at m = 0 and equal to one for m - M(t), a.s. These
properties follow readily from Eq. 3.4 and Lemma 2.2.

It can be shown that this 91(t)-measurable random variable
admits also the forward induction characterization

Section 4. The Dynamic Allocation Problem

(1 - 3)M(t)

Let us formulate now the dynamic allocation (or multi-armed
bandit) problem, in the manner of Mandelbaum (7). Consider
d independent filtrations Fj = { i(t)}tEN0, i = 1,.. ,d, and
construct a few filtration F = {j(A)}sEs by setting

lu13"h(u + 1) 9i(t)]

E[

= esssupEf(, + 1)

E
E

Pu

j

,

a.s. [3.2]

d

iCs)

E Pu 9(t)

U=t

S=(SI,

M(6)-4 M(O, 6)

on the lattice S = No of nonnegative integers (endowed with
the partial ordering r ' s < ri ' si, V i = 1,... , d). For any
given s E 5, an allocation strategy (or optional increasing
path) for s is an S-valued random sequence =JT{t)}tEN0 such
that

[3.3]

(i) T(O)

t'u'

=s

(ii) T(t + 1) = T(t) + ei for some i = 1 ...., d,

will be used throughout for the minimum to date of the Gittins
index random sequence M = {M(t), ?1(t)}teNO. The equivalences

and

O(t; m) > < V(s; m) >

(iii) {T(t + 1) = T(t) + ei, T(t) = r} E 9i(r),

m < M(t,

m, s

=

t, t + 1.,

6),

[3.4]

for 2 t, lead then to the following expressions for the
optimal stopping time of identity 2.5 in terms of the index
process and conversely:

o(t; m) = inf{6 2 t/M(t, 6) c m} = inf{6 2 t/M(6) C m}, [3.51
M(t, 6)

=

inf{m 2 O/cr(t; m)
=

<

6}

sup{m

2 O/o(t; m) >

6}.

[3.6]

Remark 3.1: The observation 3.4 has the following interesting corollaries: for any t E N0,

[4.1]

* * E.
* ,Sd)

i=l

as the maximum achievable "conditional expected discounted reward, over conditional expected discounted
time," from period t onward. We shall not need this second
characterization in the sequel. The notation

M(t, 6)4 min M(u),

IV 9i (Si),

Vi=1,. .. ,d,

[4.2]

VrES.

Here, gi denotes the ith unit vector in S. Note that, with W| A
Yd 1 ri for r E S, we have I(t)I = t + [III for every such T and
t 8 N0.
Intuitively, Ti(t) counts "how many times the ith arm has
been pulled up to time t." The requirements 4.2 express
that T "pulls one arm at a time," and the decision which arm
to pull at time t + 1 is to be made on the basis of the
information accumulated from the pulls of the various arms
up to time t.
Associated with every arm (or project) i = 1, . . ., d is a
random sequence Hi = {hi(t)},EN, which represents the "reward" obtained by pulling that particular arm (or engaging
that particular project); it is predictable with respect to the
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filtration Fi and takes values in [0, K(1 - 3)] for some fixed
K E (0, 00). The dynamic allocation (or multi-armed bandit)
problem consists of maximizing the expected reward
E[k(T)J9;(s)] over all T E sd(j), where
x

-Jt(

_4 E

t=0

Section 5. The Whittle Reduction

Imitating Whittle (3), we make now the following Ansatz:

d+

d

P'hi(Ti(t + 1))[Ti(t + 1) - Ti(t)] [4.3]
i=1

and s(s) is the class of allocation strategies as in requirements 4.2. We denote by

¢(s)_ esssupTFs(s)E[9(1)I;(s)],

sES

d a+

(s; m) = Il Vi(sm ; m),

am

which leads to the formula

1(s; M)

[5.2]

[4.4]

max
1'j' d

[hj(sj + 1) + P-E{I?(s +

From the definition 4.2 of an allocation strategy, it follows
that T(t) is a stopping point for every t E No; thus %(t) =
9;(1(t)) is defined, and G = {SE(t)}:eN is a filtration. A policy
H = (T, T) is a pair consisting of an allocation strategy T E
Si(A) and a stopping time X of G; we denote by 9?P(s) the class
of such policies and introduce the analogues of Eqs. 4.34.5:
T-1 d

>
t=0 i=1

M.K

M

EES, for the value random field of the dynamic allocation
problem with retirement 4.7. We shall vindicate this Ansatz
in an indirect way, as follows:
THEOREM 5.1. The random field

[5.31

F(s; M)
A

K

lK

;
M
M.K ]
0a
(tl, - Vi(s1; m)'dm
am
0 5-M < KJ

satisfies the Bellman equation 4.8; more precisely, we have
a.s.

F(s; M)-M;

V M 2 O.

V M-O,

F(s; M)=M,

on

sES, j=l,..

{M2

max

S

[4.7]

. .,

*

d,

[5.5]

N

F(s; M) = hi(si + 1) + P3E[F(s + ei; M)IF(s)],
on

[4.6]
sE

[5.4]

Vs E S, [5.6]

Mj(sj)};

f8thi(Ti(t + 1))[Ti(t + 1) - Ti(t)] + MP3

4.(s; M)A esssuprjEqqs)E[9t(fI; M)19(s)],

S,

sE

F(s; M) . hj(sj + 1) + P-E[F(s + ei; M)j?;(s)];

9;(v) {A E 9i;/A nl{v=s}E i(s), v sS}.

5RIt(H; M) 4

M=, Vi(si; m ))dm ; O<M<K ,
am

)I9;(s)}], s E S, [4.5]

the formal Bellman equation of dynamic programming in this
setup (cf. ref. 8). We shall verify this equation and produce
a rather explicit representation for ¢(s), which will in turn
provide the structure of optimal allocation policies by following the method of Whittle (3) (cf. Corollary S.2 below).
This method embeds the optimization problem of Eq. 4.4 into
a family of problems of the same sort but with the additional
option of "retiring" (i.e., abandoning all projects) and receiving a reward M -0 (cf. Eq. 4.7). This parametrization is
the same as that in the family 2.2 of optimal stopping
problems.
To carry out this embedding we shall need to extend the
notion of an allocation strategy to accommodate a stopping
time. We say that a measurable function v: Qf-a S is a stopping
point of F, if {v =,q} E 9i( s), V s E S and for any such v we
consider the o-field

M=O

¢(s)

the value randomfield for this problem and expect it to satisfy

¢$(s) =

[5.1]

SE S.

{M < Mi(s1)

max

=

Mj(sj)

;

v s E S.

[5.7]

sE S

[5.8]

COROLLARY 5.1. The random field

1(s; M)

14@8]
=

max [M, max

{hj(sj + 1) + 13 E[dO(s + ej; M)9;(.

Remark 4.1: For every i = 1, ... , d we may conside
family of optimal stopping problems
u
+ 1)
Vi(t; m) = esssupe j(t)E[ p-thi(u

+

m(3't 9
tE

No

for the filtration Fi (parametrized by m - 0), as well a
associated Gittins index process {M#t)},eiN of Eq. 3.1 (v
now takes values in [0, K]). All the results of Sections;
3 are in force for these new objects.
The dynamic programming equation 4.8 extends Eq.I
the multidimensional case d 2.

F(s)A K-_

fl

a

Vi(si; m) dm,

satisfies the Bellman equation 4.5 for the dynamic allocation
problem 4.4; in particular, F=(.
COROLLARY 5.2. Every allocation strategy 1* of the index
type-i.e., such that

Mi(T(t)) =

max

1<jsd
on

Mj(Tjt))

{T*(t + 1) = *(t) +ej;

[5.9]
t E No

is optimal for the problem 4.4.
Remark 5.1: These results are proved in Section 7. The
significance of statements 5.6 and 5.7 for the problem 4.7 is
the following:
(i) According to statement 5.7, it is optimal "always to pull
an arm with maximal index, as long as this latter exceeds M. "
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(ii) According to statement 5.6, "all arms should be abandoned once all indices have fallen below (or at) the retirement
reward M."

+ 8) gives Z(t; m + 8) - E[Z(o,(m); m +
this and Eq. 7.2, we obtain

Section 6. A Representation of the Value

V(t; m + 8)

On the other hand, the supermartingale property of Z(-; m
8)19;(t)], a.s. Using

a,(m)-1

Let us recall the notation Mi(6) = minou"<oMj(u) of 3.2, and

SES.

[6.11

M(I(0)) = inf{m 2 0// o,0; m) ' 0l,
co

c1(O)

a.s.,

whence

V(t; m + 8) - V(t; m)

>.
'
E[,r'(m)-(t)]8

~I1

a.s.

[7.5]

[6.2]

0 E No

The conclusion follows from inequalities 7.4 and 7.5.
Proof of Eqs. 3.7 and 3.8: From the equivalence 3.4 we
obtain po(m)n- = (1 - ,8)
8k'1(Am)-k+t} = (1 - ME=
O-t'l{m'M(t,0)), and thus from Eq. 2.8b and Fubini, we obtain

d

(36 , hi(Ii(0 + 1))[I,{G + 1) - Ii(@)]
El2
i=i
0=0

- (1 -Hf3)E
E

f31-th(u + 1) 9i(t)

. E[(m + 8)10(m)-t + V(t; m) - mPr(m)t9I(t)],

1ojsd

For an arbitrary allocation strategylE si(Q) of the index type,
we have the following extensions of Eqs. 3.6 and 3.8 (with
t = 0):

>
V(o-t(m); m + 8)t3,(m)-t + u=t

E

introduce the index random field

M(s) _ max j(sj),

1235

f3M(I()).

[6.3]

V(t; m) - V(t; 0) = (1 - l).E[>I 13et(m - M(t, 0)) + |(t)

The representation 6.3 for the value ¢(Q) of the dynamic
allocation problem 4.4 (withy = 0) is due to Mandelbaum (7),
who derived it using a different methodology.

=

(1

3).E

2 3-'(m

-

M(t, 0))

9;(t)]

a.s.

[7.6]

Section 7. Proofs

Proof of Lemma 2.1: The decrease follows readily from the
decrease of the convex function m ~-+ p(t; m), given by

On the other hand, we have from Eq. 7.2 and oa,(0) = 00:

V(t; m) - V(t; 0)

(p(t; m)_ (V(t; m) - m)1
=

esssupEeF(Q)E[

=

fBu{h(u + 1) - m(1

-

j3)} 9F(t)]. [7.1]

Hence, a*_ lim 1 ooa,(m + 8) ' o,(m), a.s. On the other hand,
we have cp(o,(m + 1/k); m + 8) = Ofork > 1/8, k E N. Letting
k ," oo we get (p(a-; m + 8) = 0, V 8> 0 and from the

continuity of m 1-- p(t; m) we obtain qp(o-; m) = 0,
whence a,(m) ' a-., a.s.
Proof of Lemma 2.2: Only Eq. 2.8b needs discussion, so
we fix m E [0, oo), recall
,"(m)-l
V(t; m) = E 8f3(m)-tm + A pu-th(u + 1)
U=t

9i(t)

[7.2]

and observe that for 8 > 0 we have

Z(t; m) = E[Z(ot(m + 8); m)1#(t)],

[7.3a]
from property 2.6, Lemma 2.1, and optional sampling. This
last equation yields, in conjunction with Eq. 7.2 (with m
replaced by m + 8):
V(t; m)
a.s.

+>(m+8)-1
Z P'-th(u + 1) 9i(t)
U=t

= E[M+W)-tV(-(m +3); m) +

-

E[mr(m+")-' + V(t; m + 8) - (m + 6),f(m+8)-tIj9(t)].
[7.3b]

Thanks to Lemma 2.1, we obtain from this

lim8l

V(t; m + 8) - V(t; m)
8

E[r (m)-tjq;(t)],

':

a. s.

[7.41

P0 'h(6 + 1) 9;(t)],
JIr(m
0=cr,(m)J

a.s.

We obtain Eq. 3.7 by comparing these two expressions; Eq.
3.8 follows then upon letting m T mo.
Proofof Eq. 3.9: From 2.2 and Eq. 3.7, we have V(t; 0) =

E-=t,80-h(0 + 1)19(t)]

(1 -

=

t).E[,fpO-'M(t, 0)J9i(t)],

a.s. Now Eq. 3.9 follows from this and Eq. 7.6.
Proofofproperties 5.4 and 5.6: From Remark 3.2, we have
o 'l1=1 (a+/am) Vi(si; m) 1, which proves property 5.4.
From this same remark, (a+/am)V,(sj; m) = 1 for all m - M,
1 s i c d on the event {M 2 max1.sj..dMj(sj)} and so we have
F(U; M) = M on this event.
Proof of property 5.5: Fix i E {1,... , ad; for given s5--_
(si, . . ., si, si+i,. . .s, d) in Nd-1, the function m '-*P(i (i);
m) A HIjj(a+/am)V,(sj; m) is increasing, and integrating by
parts in Eq. 5.3 we obtain
-

F(s; M)

[7.7]

= Vi(Si; M)Pi(s(i); M) +

Vi(Si; m)dmPi(S(i); i)

Thus,

F(s + ei; M)
=

Vi(Si + 1; M)Pi(s('; M) + f Vi(Si + 1; m)dmPiKs(i); m),

E[F(s + es; M)19(s)] = Pi(s(i); M).E[Vi(si + 1; M)I91i(si)]
+ A
JM

E[Vi(si + 1; m)Igi(si)]dmPi(s(i); n),

1236
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nonnegative, {§(t)}eN0-supermartingale and a martingale if T
is of index type. All claims follow readily.
-

hi(si + 1) - ,8E[F(s + e,; M)I9(s)]

= pi(si; M)Pi(s(i); M) +

pj(sj; m)dmPi(s(i); m), [7.8]
M

with fp(t; m) _ Vi(t; m) - h#{t + 1) - fBE[Vi(t + 1; m)1FiF(t)].
From Eq. 2.7 this last expression in nonnegative, and thus the
same is true for the right-hand side of Eq. 7.8, a.s.
Proofof Eq. 5.7: Consider arbitrary m E [M, K]. On {m <
Mj(sj)}, we have spj(s1; m) = 0, whereas on {m - M,(s,)} we
have from Remark 3.2, for every j i,
m-Mj(sj)

a+
-

Vj(sj; m) = 1

am

so that Pi(s(i); m) = 1. Thus, the right-hand side of Eq. 7.8 is
then equal to zero.
Proof of Corollaries 5.1 and 5.2: For any allocation strategy TE s(s), it is now easy to see that Q(t; T)A ,/3'F(T(t)) +
1`1u EdCi h,{T,{u + 1))[T,{u + 1) - T,{u)] is a bounded,

A portion of this work was carried out during a brief visit by the
second author at the University Pierre et Marie Curie (Paris VI) under
the auspices of the National Science Foundation-INRIA Collaborative Research Effort in Stochastic Control (Grant NSF-INT-8906965). The research of the second author is supported in part by the
U.S. Army Research Office under Grant DAAL 03-91-G-0170.

1. Gittins, J. C. (1979) J. R. Stat. Soc. B 41, 148-164.
2. Gittins, J. C. (1989) Multi-Armed Bandits and Allocation Indices (Wiley, Chichester, U.K.).
3. Whittle, P. (1980) J. R. Stat. Soc. B 42, 143-149.
4. Whittle, P. (1982) Optimization over Time: Dynamic Programming and Stochastic Control (Wiley, New York).
5. Tsitsiklis, J. (1986) IEEE Trans. Autom. Control AC-31, 576577.
6. Varaiya, P., Walrand, J. & Buyukkoc, C. (1985) IEEE Trans.
Autom. Control AC-30, 426-439.
7. Mandelbaum, A. (1986) Probab. Theory Rel. Fields 71, 129147.
8. Mandelbaum, A. & Vanderbei, R. J. (1981) Z. Wahrscheinlichkeitstheor. Verw. Geb. 57, 253-264.
9. Neveu, J. (1975) Discrete-Parameter Martingales, English
transl. (North-Holand, Amsterdam).

