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The West, Brown, and Enquist (WBE) theory for the origin of
allometric scaling laws is centered on the idea that the geometry
of the vascular network governs how a suite of organismal traits
covary with each other and, ultimately, how they scale with
organism size. This core assumption has been combined with other
secondary assumptions based on physiological constraints, such as
minimizing the scaling of transport and biomechanical costs while
maximally filling a volume. Together, these assumptions give
predictions for specific ‘‘quarter-power’’ scaling exponents in biology. Here we provide a strong test of the core assumption of WBE
by examining how well it holds when the secondary assumptions
have been relaxed. Our relaxed version of WBE predicts that
allometric exponents are highly constrained and covary according
to specific quantitative functions. To test this core prediction, we
assembled several botanical data sets with measures of the allometry of morphological traits. A wide variety of plant taxa appear to
obey the predictions of the model. Our results (i) underscore the
importance of network geometry in governing the variability and
central tendency of biological exponents, (ii) support the hypothesis that selection has primarily acted to minimize the scaling of
hydrodynamic resistance, and (iii) suggest that additional selection
pressures for alternative branching geometries govern much of the
observed covariation in biological scaling exponents. Understanding how selection shapes hierarchical branching networks provides
a general framework for understanding the origin and covariation
of many allometric traits within a complex integrated phenotype.
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S

ince the pioneering work of Julian Huxley (1), questions concerning how selection influences specific traits within integrated
phenotypes have been a prominent focus in comparative biology (2,
3). The phenotype is a constellation of traits that often covary with
each other during ontogeny. Further, organism size is a central trait
that influences how most biological structures, processes, and
dynamics covary with each other (4, 5). The dependence of a given
biological trait, Y, on organismal mass, M, is known as allometry.
Allometric relationships are often characterized by power laws (1)
of the form, Y ⫽ Y0M, where  is the scaling exponent and Y0 is a
normalization constant that may be characteristic of a given taxon.
A sampling of intra- and interspecific data reveals that the central
tendency of  often approximates quarter-powers (4, 5) (e.g., 1/4,
3/4, 3/8, etc.), although for any given relationship considerable
variability may exist (6).
West, Brown, and Enquist (7–9) hypothesized that the value of
 for many biological allometries arises from the geometry of
vascular networks and resource-exchange surfaces (e.g., cardiovascular or plant vascular systems). The core assumption of this theory
is that many organismal, anatomical, and physiological traits are
linked mechanistically by allometric scaling of the vascular network.
For example, for plants, whole-plant carbon assimilation or gross
photosynthesis, P, vascular fluid flow rate, Q0, and the number, nL,
and mass, ML, of leaves are all assumed to vary or scale proportionally with one another, and ultimately with plant mass (M), to the
power  as P ⬀ Q0 ⬀ nL ⬀ ML ⬀ M. In addition, several other
hydrodynamic and anatomical attributes of plant hydraulics and
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branching morphology are also determined by  (7, 8, 10–14):
specifically, the value of  ⫽ 1/(2a ⫹ b), where a and b characterize
the geometry of the vascular network within a given species. Within
the model, network geometry and gross morphology are characterized by three parameters:
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which respectively refer to the ratios of branch lengths, external
branch radii, and internal tube radii (e.g., xylem vessels or tracheary
elements) between k adjacent branching levels (Fig. 1). The value
of n is the furcation ratio or number of daughter branches per
parent branch. Note that we differ in notation from the original
model (8) that defined the branch radii ratio as n⫺a/2, the internal
tube radii as a , and the lengths ratio as n⫺1/3. Importantly, here we
allow the length and the radii ratios to be continuous traits defined
by arbitrary powers b and a, respectively.
The origin of quarter-power scaling emerges when a and b take
specific values, a ⫽ 1/2 and b ⫽ 1/3, thus yielding  ⫽ 3/4. This  ⫽
3/4 rule emerges from four assumptions: (i) that the network is
volume-filling; (ii) that the minimum total work to move fluid
through the network corresponds to minimizing the hydrodynamic
resistance in a single tube; (iii) that properties of an individual leaf
(e.g., ML, PL, QL) are independent of plant size; and (iv) that
biomechanical constraints are uniform (8). Extensions of The West,
Brown, and Enquist (WBE) theory for the origin of allometric
scaling laws model have shown how factors secondary to organism
size, such as temperature and stoichiometry (15), can influence
residual variation or the normalization (Y0) of allometric scaling
relationships.
Recently, several prominent critics (6, 16) have argued that the
WBE model cannot explicitly account for the range and origin of
inter- and intraspecific variability in allometric exponents. Further,
the assumption of the primacy of the vascular network, although
implicit in the original work, has not been explicitly tested (17).
Indeed, although detailed treatments of WBE have been applied to
the origin of the  ⫽ 3/4 rule in the vascular networks of animals
(7) and plants, including stem branching (8, 12) and leaf venous (13)
networks, it is not clear whether the WBE model can account for
all, or even most, of the observed variation in allometric exponents
or for how traits covary allometrically within integrated phenotypes.
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Table 1. Plots and covariation curves for the relationships
presented in Figs. 2 and 3
Plot

Covariation curve

Fig. 2a (a vs. b/a)
Fig. 2b (b vs. b/a)
Fig. 2c (a vs. b)
Fig. 3 [b (z axis) vs. b (y axis) vs.  (x axis)]
Fig. 3 (dashed line, where a ⫽ 1/2)
Fig. 3 (dashed-dotted line, where b ⫽ 1/3)

Here we address these questions and criticisms by presenting a
unique extension of the WBE theory. Specifically, we show how
continuous variation in the fractal exponents allows us to assess
whether the observed variation in allometric exponents is due to
violations of the secondary assumptions that lead to quarter-power
scaling and, if so, whether the variation is consistent with covariation in allometric traits as governed by vascular network geometry.
Model Extension
We start with the observation that many plants do not conform to
the optimizing assumptions in the original WBE derivation (8, 12,
18). For example, succulents, palms, saplings, ground-spreading
forbs, vines, lianas, and herbaceous plants with photosynthetic
stems all have morphologies that strictly violate one or more of the
assumptions of the original model (13). However, according to the
framework of the WBE model, such plants with divergent morphologies may be characterized by differing values of a and b. Here
we investigate whether such variation in branching geometry can
lead to predictable covariation in allometric traits, as dictated by the
core assumption of the WBE model. We also ask whether such
diverse, allometrically integrated phenotypes can be attributed to
selection for unique morphologies and life histories. If this approach holds, then our relaxed version of the WBE model predicts
that plants that violate the secondary assumptions, and hence differ
from canonical quarter-power relationships, will be characterized
by allometric scaling exponents that follow specific covariation
functions.
To examine the departure from space-filling and energyminimizing branching, we highlight six allometric scaling relationships in terms of the scaling of photosynthetic surface area (AS),
stem radius (r0), height (l), and whole-plant mass (M) [see supporting information (SI) Methods for the complete model derivation].
Each relationship can be expressed in terms of continuous traits
dependent on network geometry (as defined in Eq. 1 a and b),
where
AS ⬀ M
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l 0 ⬀ M b

[2a– c]
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r b/a
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0
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According to the central assumption of the WBE model, covariation between each of these traits (AS, l0, r0, and M) is governed by
the geometry (i.e., the values of a and b) of the branching network.
As a result, departures from the secondary assumptions of volumefilling and area-preserving in the original WBE derivation (where
b ⫽ 1/3, a ⫽ 1/2) will yield different values of b and a, and hence, .
According to Eqs. 2 and 3, an expanded version of the WBE
model that emphasizes the continuous nature of branching geometry predicts that observed variation in allometric exponents is due
Price et al.

Each function is determined entirely by the biologically meaningful parameters a and b, and thus there are no free parameters in these covariation
functions.

to variation in the fractal network exponents a and b. In some
environments, natural selection has likely acted to optimize network geometry in ways that violate the original secondary assumptions. If such variability in selection has resulted in diverse network
designs, then we expect that a and b will also vary. As a result, our
model shows that variation in the scaling of botanical form and
function, as reflected by Eqs. 1–3, is described by a highly constrained continuum of unique allometric scaling exponents (Table
1). For example, our model predicts that across species, a plot of the
intraspecific exponent from the relationship between stem radius
and mass (i.e., a from r0 ⬀ Ma) vs. the intraspecific allometric
relationship from the relationship between branch length and
radius (i.e., b/a from l0 ⬀ r b/a
0 ) will be described by the covariation
curve a ⫽ 1/[2 ⫹ (b/a)]. Similarly, additional covariation functions
can be derived to quantify the scaling of additional phenotypic traits
(e.g., r0, l0, AS, and M) (see Table 1 and SI Methods). We note that
it is also possible to derive additional predictions for continuous
allometric covariation for several other hydraulic, anatomical, and
physiological traits, as listed by West et al. (7, 8).
To test the predictions outlined by Eqs. 2 and 3 and Table 1, we
used data from our own compilation and from several published
studies, limiting analyses to studies that measured more than one
intraspecific allometric scaling exponent (see SI Tables 2 and 3 and
Figs. 2 and 3). Fig. 2 shows each of the predicted covariation
functions (Table 1). Our relaxed version of the WBE model
provides a good description of allometric covariation in real plants,
inasmuch as the empirical data closely follow the predicted lines
(see Methods for statistics).
Figs. 2 and 3 lead to an important question: What ultimately
governs the observed variation in the parameters a and b and, thus,
in the fractal relationships for the branch radii and lengths?
Understanding such variation will likely provide insight into how
selection determines plant form, function, and diversity by means
of vascular network geometry. We give two mechanistic examples
of how selection for specific functional properties, as realized by
branching morphologies, has likely resulted in the observed range
in allometric covariation in the traits shown in Figs. 2 and 3.
Selection to Minimize Total Plant Hydraulic Resistance and Path
Length. Within species or functional groups for which vascular

conductance is not limiting to plant metabolism or carbon balance,
the assumption that the total hydraulic resistance is always minimized may not be strictly upheld; this would then lead to differential
variation in a and b. Within the WBE model, hydraulic resistance
(Z) to flow in xylem elements is described by the Poiseuille
equation, Z ⫽ 8l/rT4 (8). Assuming that viscosity, , is constant,
resistance will increase linearly with length, l, but inversely with the
fourth power of the tube radius, rT. Additionally, if interspecific
variation in internal tube radii (rT) is more closely tied to variation
in external branch radii than it is to interspecific height (or branch
length), then variation in plant stem radius and height will both
correspond to variation in whole-plant hydraulics (8). If these
PNAS 兩 August 7, 2007 兩 vol. 104 兩 no. 32 兩 13205
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Fig. 1. An idealized hierarchical branching network from level 0 to level N.
Each branching generation can be described by its length (lk), its branch radius
(rk), and its internal tube radius (rT,k). Here there are two generations beyond
the initial branch, so N ⫽ 2, and there are two daughter branches per parent
branch, so n ⫽ 2. At any level k, there are nk branches. For example, when k ⫽
2, nk ⫽ 22 ⫽ 4.

a ⫽ 1/[2 ⫹ (b/a)]
b ⫽ 1/[1 ⫹ 2/(b/a)]
a ⫽ (1 ⫺ b)/2
b ⫽ b* (i.e., y ⫽ zx)
b ⫽ b/(b ⫹ 1)
b ⫽ 1/(6a ⫹ 1)

Fig. 2. Allometric covariation of whole-plant morphology and mass. The axes represent the exponents for the scaling relationships described by Eqs. 2b (A),
2c (B), and 3a (C) (Table 1). Symbols represent observed exponent values for Sonoran Desert plant species (circles), trees from the Cannell forestry database
(diamonds), and angiosperm leaves (pentagrams). Black lines bisecting the data represent predicted covariation functions (Table 1), letting b and a vary from
1 to 1/8. Note that when n ⫽ 2, a or b ⫽ 1/8 corresponds to a lengths or radii ratio of 0.92 or, for example, a daughter branch that is 92% as long as its parent
branch. The predicted line is completely determined, contains no free parameters, and spans at least 89% of the values on the abscissa when b and a vary from
1 to 1/3. The data are from 27 families representing herbaceous annuals and perennials, succulents, and both angiosperm and gymnosperm trees and thus
constitute a broad sampling of tracheophytes. Related data are presented in SI Tables 2 and 3.

assumptions are approximately correct, then selection on variation
in the scaling of whole-plant branch lengths (reflected in b) will have
much less impact on the total resistance than selection on variation
in the scaling of branch radii (reflected in a). Thus, the principal axis
of morphological variation in plants will be described by changes in
the ratio of branch lengths, or ␥ (or b), whereas changes in radii, or
␤ (or a), will be a smaller secondary axis. This asymmetry in b and
a is consistent with our empirical observations of allometric covariation. In agreement with our prediction, Fig. 3 displays substantially larger variation in empirical exponents along the axis
described by variability in lengths ratios, b. Additional hydrodynamic variability may result from variation in network tapering (a )
and/or total path length (LT) (see Methods).
The degree of volume-filling branching likely reflects costs
associated with the collection of resources because branching
architecture is closely linked with light-gathering in leaves and limbs
and with water/nutrient-gathering in roots (19). Because the equa3
tion for volume filling, l k3 ⫽ nl k⫹1
(Eq. 1a) increases with the cube of
branch lengths, l 3 (7, 8), but does not depend on branch radii, any
selection on variation in volume-filling must necessarily strongly
constrain variation in the scaling of branch lengths (i.e., b) but not
branch radii (i.e., a).
Three possible scenarios have likely controlled the observed
variation in the scaling of botanical lengths and radii. (i) If selection
has acted to primarily minimize hydrodynamic resistance, then
variation in the fractal exponents for lengths, b, will be considerably
13206 兩 www.pnas.org兾cgi兾doi兾10.1073兾pnas.0702242104

greater than for radii, a. (ii) On the other hand, if selection has
primarily acted to maximize the volume-filling nature of the branching network, then variation in the observed fractal exponents for
radii, a, will be unbounded and thus considerably greater than
variation in length exponents, b, which will be tightly constrained.
(iii) If, however, selection has simultaneously minimized the hydrodynamic resistance (which depends on rT4) and maximized the
volume-filling nature of the branching (which depends on l 3), then
the observed variation in fractal exponents for stem radii, a, will be
slightly greater than the variation in exponents for lengths, b. Our
data support the first scenario. Observed covariation in botanical
allometric data are consistent with greater variation in lengths than
variation in radii (Fig. 3). If our reasoning is correct, then the
observed covariation in allometric traits across extant phenotypes
is consistent with the expectation that selection to maximize the
volume-filling nature of the branching network has not been as
strong as selection to minimize the hydrodynamic resistance of the
network.
Variability in Biomechanical Constraints. Additional variability in
plant scaling exponents likely also reflects violations of the biomechanical constraints originally assumed by the WBE model, e.g.,
biomechanical demands that change systematically with size and, in
particular, with stem diameter (20–23). To resist elastic buckling
due to self-loading, plants must invest in higher density structural
tissue, lignin, cellulose, etc., to resist increasing tensive and comPrice et al.

pressive forces. The theoretical height to which a beam can be
extended before it buckles under its own weight (lcrit) was considered by Greenhill (22) and was represented as a function of the
radius and density-specific stiffness of the beam. Thus, Eq. 3a can
be expressed as
b

lcrit ⬀ r a ⬀ C

冉冊
E


1/3

r 2/3,

[4]

where E is Young’s elastic modulus,  is bulk tissue density
(kilograms per cubic meter), and C is a proportionality constant.
Previous solutions to the bending moment equation that have given
b/a ⫽ 2/3 have assumed that density-specific stiffness (E/) is a
constant (8). However, as has been noted by Niklas (21, 24), if E/
varies systematically within or across plants, then the scaling of
height with radius will vary (25). Specifically, if E/ increases with
stem radius, then b/a ⬎ 2/3, and if E/ decreases with stem radius
b/a ⬍ 2/3. Limited data from a literature search suggest that the
density-specific strength of plant tissues increases as one goes from
herbaceous to woody taxa (see SI Fig. 4), so E/ is unlikely to be
constant, and the interspecific scaling of height with diameter is
likely to have a slope ⬎2/3 when herbaceous taxa are included in the
analysis. Our compiled data strongly support this hypothesis (see SI
Fig. 5).
Discussion
Understanding the physiological constraints governing the scaling
of organic form has intrigued biologists since Aristotle and Galileo
and has spawned several classic synthetic works (1, 4, 26, 27). A
Price et al.

number of models have been proposed to explain the mechanistic
basis for the diversity of organic form and function. These models
include geometric similarity (28), elastic and stress similarity (20),
and more recent work invoking energy minimization in hierarchical
volume-filling networks (7, 8). These models are similar in predicting unique exponents for a particular scaling relationship (e.g.,
3/4
l0 ⬀ r 2/3
0 or B ⬀ M ). Tests of the predictions of these models
typically involve fitting regression lines to empirical data, followed
by a discussion regarding whether the confidence intervals for an
observed fitted exponent include or exclude a certain model.
However, this approach often leads to vigorous debate as to which
model better fits the data. A recent example of this is the protracted
discussion as to whether the scaling of whole-organism metabolic
rate with body mass is better fit with a slope of 2/3 or 3/4 (29, 30).
Our approach is a natural extension of previous work (7, 8)
because it explicitly addresses variation in network design. However, our extended version of the WBE model is unique in that it
recognizes the primary importance of vascular networks while
simultaneously emphasizing the continuous nature of allometric
phenomena in biology within all organisms that contain hierarchical vascular networks. In so doing, we explicitly acknowledge that
no specific network geometry will describe all organisms. For
example, arguments based on heat dissipation in geometrically
similar organisms (28), elastically similar branching networks (20),
or energy minimization in fractal distribution networks (7, 8) all fall
along the continuum of variation we have predicted. Importantly,
the optimization argument of the WBE model does predict a
zeroth-order approximation, or basin of attraction, around which
actual biological networks cluster and provides a baseline for
PNAS 兩 August 7, 2007 兩 vol. 104 兩 no. 32 兩 13207
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Fig. 3. Allometric covariation of whole-plant morphology and biomass partitioning. Open circles represent empirical intraspecific exponents from the Cannell
forestry database (52) (see SI Table 3). The white surface represents predicted combinations of exponents (Table 1). The vertical dashed line represents the
predicted covariation function (given in Table 1) holding a constant at 1⁄2 and letting b vary from 1 to 1/20 (1/20 corresponds to a lengths ratio of 0.97 when n ⫽
2). The horizontal dashed-dotted line represents the same equation (Table 1) but instead holding b constant at 1/3 and letting a vary again from 1 to 1/20. The
intersection of these two functions represents the predictions from the original WBE model. As predicted, the major axis of variation is consistent with changes
in branch lengths (b), whereas the secondary axis is consistent with changes in radii (a), which are hypothesized to be more tightly constrained. Note that 19/25
(76%) data points are contained within the surface described by letting a and b both vary from 1 to 1/3. Those that fall outside of this range may result from
violations of the model’s assumptions discussed in the text, such as departures from self-similarity.

identifying these deviations. It is likely that departures from these
classic results represent an organism’s attempt to optimize the
constraints listed above while meeting additional ecological challenges. For example, when looking within functional group categories, the central tendency within allometric exponents for herbaceous annual plants differs from that of woody species (see SI
Table 4). In contrast, the central tendency within woody species
from different data sets is quite similar.
Although variation in allometric exponents has long been observed (4, 27), there is currently no generally agreed-on theory for
understanding just how this variation is related to allometrically
integrated phenotypes (31). Our model begins to address this void.
We hypothesize that the fundamental source of variation in allometric relationships is variation in network geometry. Our relaxed
version of the WBE model quantitatively predicts mathematical
functions that describe continuous covariation in the scaling of
many phenotypic traits. Consequently, our model provides a more
quantitative and integrative characterization of allometric data.
Because of the intense interest and controversy surrounding the
WBE model and its descendents, a brief digression regarding
the philosophy of our approach is perhaps warranted. To quote the
noted 20th century statistician George Box (32), ‘‘All models are
wrong, some models are useful.’’ We fully acknowledge that the
model presented herein is but an abstraction of a very detailed and
complicated botanical world. Our hope is to describe as much of
that variability with as few, biologically meaningful, parameters as
possible. In this respect, we feel that our model is indeed quite
useful.
This article is an attempt to examine, both theoretically and
empirically, the allometric covariation of traits across a broad array
of plant functional types. Moreover, our model agrees quite well
with the data. A conservative interpretation of this agreement is
that some covariation is inevitable, based simply on changes in
shape alone. A more liberal interpretation is that the geometry of
biological networks does indeed correspond strongly with plant
gross morphology and can be used to predict and interpret allometric variability. Indeed, that correlations between allometric
exponents increase or decrease together is somewhat intuitive.
However, the exact quantitative covariation curves that our model
describes are not intuitive and follow directly from details of the
branch and vascular networks. We are unaware of alternative
models that predict covariation among allometric exponents on the
basis of changes in shape, network geometry, or otherwise.
Our model further provides a basis for understanding how
additional selection on differing aspects of network geometry will
influence covariation in allometric traits. A key result of this
approach is that it provides insight into the important selective
forces that have likely guided the diversification of plant morphology and network architecture, and hence allometric exponents (i.e.,
more variation in the scaling of lengths than diameters). In addition
to the factors mentioned previously, features such as departures
from self-similarity, variation in hydraulic diameter (33), disconnect
between internal and external branching (18), or volume loss across
branching generations likely explain much of the variation not
accounted for by our work here. These important aspects of biology
can be incorporated into more detailed efforts in the future. For
example, as shown by Turcotte et al. (34), networks that do not have
strictly self-similar branching, such as those with side branches, can
still be described by exponents generated from models that assume
a self-similarity, provided the side branches bear the correct relationship to the mean branching properties.
We recognize that our approach is predicated on a couple of
important assumptions, specifically, (i) that real biological networks
are themselves statistically self-similar or ‘‘fractal-like’’ (7) and (ii)
that the range of values for a and b matches that for the gross
morphology of plants. Many vascular networks appear superficially
fractal-like; however, detailed studies quantitatively characterizing
vascular network geometry (i.e., measuring the branch lengths and
13208 兩 www.pnas.org兾cgi兾doi兾10.1073兾pnas.0702242104

radii ratios described in Eq. 1 a–c), are quite rare. Although
fractal-like morphologies have been reported in a variety of taxa
(35), it is likely that numerous examples exist of biological networks
(internal or external) that depart in very real and meaningful ways
from self-similarity. It is encouraging that the limited number of
studies reporting data for branch length or radii ratios have
reported values consistent with the range we invoke here (34–42).
WBE has been criticized for its inability to account for much of
the variation in real organisms, particularly with respect to the
scaling of metabolic rate (16, 43, 44). Our work addresses these
concerns by demonstrating that the scaling of metabolic rate in all
organisms is likely determined primarily by the dimension of the
volume that the organism fills (1/b), the length of the network within
the organism (LT), and the extent to which area-preserving (a ⫽
1/2) or area-increasing (a ⬍ 1/2) branching dominates. For example,
in small volume-filling organisms in which the distribution networks
have only a few branching generations, flow rates must slow to allow
for nutrient diffusion across vessel walls, and thus area-increasing
branching (a ⬇ 1/3) may dominate, suggesting that  should
approach 1 (14, 44). A similar approach can be used to describe
scaling in very small plants and leaves that behave more like
plane-filling networks (b31/2) with area-increasing branching (a ⬇
1/3) (13, 43). It should be noted that the range of biologically likely
values, b31 and a ⫽ 2, as well as b ⫽ 3 and a ⫽ 3, yield B ⬀ M1/2
and B ⬀ M1, respectively. These values bound the most commonly
reported exponents and provide a context within which to interpret
the variation we observe in the empirical data.
We have shown here that covariation in morphological allometry
and biomass partitioning is consistent with the primacy of network
geometry. However, allometric covariation can best be understood
by considering a continuum of branching geometries, comparing
this continuum to data, and investigating departures from the strict
WBE model, and in particular, which biologically motivated assumptions need to be relaxed. Such an approach offers insight into
additional, selective pressures that have likely shaped the evolution
of the diversity of plant form and function. More importantly, our
results indicate that a common body of allometric theory potentially
provides a framework for understanding the mechanistic origin of
trait covariation within complex phenotypes.
Methods
To test the predictions of our model, we determined the intraspecific exponents for the relationships described above (Eqs. 2 and 3)
and plotted these exponents against one another. The data in Figs.
2 and 3 correspond to the data in SI Tables 2 and 3, respectively.
For each bivariate relationship, we also overlaid a predicted covariation function (Table 1) and allowed the theoretical exponents
to vary over a biologically meaningful range (see Figs. 2 and 3
legends). Five of the six bivariate relationships examined had
standardized major axis regression slopes significantly different
from zero (P ⬍⬍ 0.05), with the exception being the relationship
depicted in Fig. 2c.
We evaluated support for our model in three ways. First, we used
the fact that for the three relationships presented in Fig. 2, the
exponent on each y axis can be predicted as a function of the
exponent on the x axis. These functions are described in the first
three rows of Table 1. For example, substituting our empirical
exponents for the l0 vs. r0 relationship (b/a) into a ⫽ 1/[2 ⫹ (b/a)]
predicts a line of unity (1:1). Using this method and fitting ordinary
least-squares regression (OLS) slopes to each of these three relationships yields lines not statistically different from unity in two of
the three cases [note that OLS regression is recommended when
predicting Y from X (45, 46)]. Using the l0 vs. r0 exponent (b/a) to
predict the r0 vs. M (a) exponent yields a slope of ⬇1.00 and 95%
confidence intervals (0.65–1.36) that include 1 (R2 ⫽ 0.27). Similarly, using the l0 vs. r0 exponent (b/a) to predict the l0 vs. M (b)
exponent gives a slope of ⬇1.21 and 95% confidence intervals
(1.00–1.41) that again include 1 (R2 ⫽ 0.61). Using the observed l0
Price et al.

vs. M exponent to predict the r0 vs. M exponent yields a slope not
different from zero (P ⫽ 0.96).
Second, because the above method cannot be extended to the
bivariate relationships in Fig. 3 given that the predicted function is
a manifold, and not a line, we used an alternative approach. For the
three relationships shown in Fig. 3, we simply counted the number
of data points that fell within the hypothesized bounds (letting a and
b vary from 1 to 1/3). A total of 19/25 points (76%) fell within our
hypothesized bounds in each relationship. Points that fall outside of
this range may result from violations of the model’s assumptions
discussed in the text, such as departures from self-similarity.
Third, to test whether the density-specific stiffness of plant tissue
varied systematically with plant size, we collected data for both
herbaceous (47) and woody (19, 48, 49) taxa from the primary
literature. Standardized major axis regression of log-transformed
density-specific stiffness against basal stem diameter yields positive
slopes for both functional groups (see SI Fig. 4) (45).
Data to test the predictions of our model came from two sources.
In gathering our data, we only used cases in which all three
exponents in Figs. 2 and 3 had been measured independently. First,
one of us (C.A.P.) measured height (millimeters, l0), basal stem
diameter (millimeters, r0), and dry mass (grams, M) in 1,264
individual plants (44 species, mean ⬇ 28.7 plants per species)
spanning ⬎8 orders of magnitude in above-ground dry mass and
including herbaceous annuals and perennials, succulents and woody
species. To our knowledge, this is the largest existing allometric
database on arid-land plants. Further, a total of 464 angiosperm
leaves in 16 species were collected, with ⬇30 leaves per species (see
SI Table 2). Leaf length (millimeters, l0), stem diameter (millimeters, r0), and leaf dry mass (grams, M) were measured, and these
data span the range of sizes available for each species. Leaf data
were included in the analyses for two primary reasons: (i) many
herbaceous species are composed of little more than leaves, thus
data for the scaling of leaf dimensions likely closely approximate
scaling for many small herbaceous taxa, and (ii) leaves themselves
are filled with vascular distribution networks and are subject to
many, if not all, of the same selective pressures facing whole plants,

thus the scaling arguments presented herein can also be applied to
leaves (13).
Second, data on the scaling of plant total leaf mass (ML), plant
stem mass (MS), radius (r0), and height (l0) (Figs. 2 and 3 and SI
Tables 2 and 3) are from the Cannell data compendium (50), which
reports mean biometric values for even-aged stands. Note that the
model predicts isometry between the scaling of total leaf mass (ML)
and total leaf area (ML ⬀ AS1) and also isometry between the scaling
of plant stem mass (MS) and whole-plant mass (MS ⬀ M1) (51).
Thus, we substitute ML for AS in Eqs. 2a and 3c and similarly
substitute MS for M in Eq. 2 a and c. We looked at allometric
relationships among the three previously mentioned variables for
those species represented by at least eight stands.
In the interest of minimizing the impact on native plant communities, all Sonoran Desert plants were collected from three
construction sites, where they were slated for destruction, in the
greater Tucson, AZ, region during the 2001 and 2002 summer field
seasons. Site 1 was along a road-widening easement (lat/long:
32°318⬘N, 111°011⬘W; elevation: ⬇705 m) in North Tucson. Site 2
was a resort golf course installation (lat/long: 32°206⬘N, 111°052⬘W;
elevation: ⬇795 m) in West Tucson. Site 3 was within the Desert
Laboratory at Tumamoc Hill in Central/West Tucson (lat/long:
32°210⬘N, 11°042⬘W; elevation: ⬇710 m). Measurements (save
mass) for all plants were taken in the field before collection.
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