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The classical Metropolis sampling method is a cornerstone of many
statistical modeling applications that range from physics, chemistry, and biology to economics. This method is particularly suitable
for sampling the thermal distributions of classical systems. The
challenge of extending this method to the simulation of arbitrary
quantum systems is that, in general, eigenstates of quantum Hamiltonians cannot be obtained efficiently with a classical computer.
However, this challenge can be overcome by quantum computers.
Here, we present a quantum algorithm which fully generalizes the
classical Metropolis algorithm to the quantum domain. The meaning of quantum generalization is twofold: The proposed algorithm
is not only applicable to both classical and quantum systems, but
also offers a quantum speedup relative to the classical counterpart.
Furthermore, unlike the classical method of quantum Monte Carlo,
this quantum algorithm does not suffer from the negative-sign
problem associated with fermionic systems. Applications of this
algorithm include the study of low-temperature properties of
quantum systems, such as the Hubbard model, and preparing
the thermal states of sizable molecules to simulate, for example,
chemical reactions at an arbitrary temperature.
Metropolis method ∣ statistical physics ∣ quantum computing ∣
quantum simulation ∣ simulated annealing

I

nteracting many-body problems cover a wide range of applications in many areas in science and technology. These are best
exemplified by the Ising spin model, which was originally developed for explaining ferromagnetism and its associated phase
transitions (1). The Ising model was later found to be related to
many practical applications, for example, error-correcting codes,
image restoration, associative memory, and optimization problems (see, e.g., ref. 2). However, there is no efficient method for
finding solutions to many-body problems in general. For example,
the problem of finding the ground state of the Ising model with
arbitrary couplings is known to be a nondeterministic polynomial
(NP)-complete problem, meaning that, if an efficient algorithm
for solving the Ising model exists, then all of the problems in
the class of NP, for example the graph isomorphism problem
and some variants of the traveling salesman problem, can be
solved efficiently as well (see, e.g., ref. 3).
The most fundamental challenge for solving many-body problems is that they generally require an exponentially large amount
of spatial and temporal computing resources to find the solutions
as the system size increases (4). Although no universal method for
solving general many-body problems has been found, powerful
classical methods such as Markov-chain Monte Carlo (MCMC)
or quantum Monte Carlo (QMC) have been invented and proven
to be successful in many applications (see, e.g., ref. 5). These
methods, however, have certain limitations. For example, the running time of MCMC scales as Oð1∕δÞ (6), where δ is the gap of the
transition matrix. For problems such as spin glasses (7) where δ is
vanishingly small as a function of system size, MCMC becomes
computationally inefficient. QMC methods, on the other hand,
suffer from the negative-sign problem (8), making them inefficient for problems involving fermions, e.g., electronic problems.
Despite the many efforts toward improvement that have been
made (9), this limitation is still one of the biggest challenges
in QMC (10).
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Background of Quantum Simulation
One of the most important goals in the field of quantum computation, as proposed by Feynman (11), is to look for methods or
algorithms that can solve these many-body problems more efficiently. A promising solution is quantum simulation, which aims
at employing a controllable quantum system to simulate the behaviors of the target quantum system. Quantum simulation can
solve the problem of the spatial requirement for solving manybody problems. Quantum simulation can be implemented either
by dedicated (or analog) quantum simulators (12) or with universal (or digital) quantum computers (13). For analog quantum
simulation, high-precision experimental techniques are required
for faithful simulation, and therefore involves many engineering
challenges. An example is the use of neutral atoms trapped in
optical lattices (14) to simulate the low-temperature properties
of the Hubbard or Bose–Hubbard model.
Digital Quantum Simulation. To look for algorithms based on the
special properties of the laws of quantum mechanics, top-down
approaches aim to improve the existing classical algorithms by
combining them with elementary quantum algorithms. For the
bottom-up approach, in the context of quantum simulation,
the only known example that quantum algorithms can achieve
exponential gain over classical methods is the simulation of time
dynamics (15, 16). It was also discovered (17) that such an approach is particularly suitable for simulating single or many-particle systems where the Hamiltonians consist of two terms,
namely kinetic energy and potential energy, for example, atomic
or molecular systems (18). On the other hand, however, attempt
to create quantum algorithms to solve the ground-state (19, 20) or
thermal-state (21–23) problems of unstructured Hamiltonians
failed to show an exponential gain over classical approaches.
However, this lack of an exponential advantage does not mean
that quantum computers fail to show advantages over classical
computers in quantum simulation.
Variational Methods. In fact, many problems in physics and chemistry do exhibit certain symmetries or structures. These features
allow us to take the top-down approach to generalize methods
that are proven to be successful in classic computing to design
quantum algorithms. For example, the variational wavefunctions,
such as the Bardeen–Cooper–Schrieffer wavefunction in superconductivity and the Hartree–Fock solutions in the electronic
problems of atomic and molecular systems, are good approximations to the exact ground states of the corresponding Hamiltonians to some extent. With the quantum phase estimation
algorithm (24, 25), it is possible to project the exact ground states
from the approximate solutions with high probabilities. Further
theoretical investigations on the efficiency of this method on
molecular systems have been made (26–28), and a related experimental implementation has been realized (29).
Author contributions: M.-H.Y. and A.A.-G. designed research, performed research, and
wrote the paper.
The authors declare no conflict of interest.
This article is a PNAS Direct Submission.
1

To whom correspondence should be addressed. E-mail: aspuru@chemistry.harvard.edu.

This article contains supporting information online at www.pnas.org/lookup/suppl/
doi:10.1073/pnas.1111758109/-/DCSupplemental.

www.pnas.org/cgi/doi/10.1073/pnas.1111758109

Quantum Metropolis Methods. The key strategy that has been employed so far to overcome the difficulty of obtaining information
about eigenvectors of quantum Hamiltonians with a quantum
computer is the use of the quantum phase estimation algorithm
(24); the eigenvalues of a quantum Hamiltonian can be recorded
without explicitly knowing the detailed structure of the eigenvectors. Based on this idea, Terhal and DiVincenzo (33) made an
attempt to extend the Metropolis algorithm (5) to the quantum
domain in order to avoid the negative-sign problem in QMC.
However, one limitation of their result is that the key step involves too many energy nonlocal transitions, making it inefficient
for solving practical problems. Recently, Temme et al. (34) addressed this problem by introducing a measurement-based rejection method, which makes the algorithm more realistic for
simulating many-body problems. This result shows that quantum
computers can solve many-body problems beyond the limits of
classical computers. However, the underlying Markov chains of
this algorithm are still classical in nature, which means that
the scaling of the running time is still Oð1∕δÞ.

Motivation, Results, and Outline of the Quantum–Quantum
Metropolis Algorithm (Q2 MA)
To summarize, before this work, the existing quantum algorithms
were capable of either (i) preparing thermal states of classical
systems with quantum speedup (31, 32), or (ii) preparing thermal
states of quantum systems without quantum speedup (33, 34); this
suggests that the potential of quantum computers may not have
been fully exploited. This problem motivates us to further explore
the power of quantum computation by providing a quantum algorithm that allows us to prepare thermal states of quantum systems with quantum speedup.
Instead of following the path developed in the work of Temme
et al. (34), we took the following strategy: First of all, a natural
question to ask is whether Szegedy’s quantum speedup is restricted to employing classical Hamiltonians, where the eigenstates simply coincide with the computational basis, making
cloning of the classical information possible. In this manuscript,
we extend the Szegedy approach to be able to deal with quantum
Hamiltonians; we introduce a quantum version of the method of
Markov-chain quantization which is combined with the QSA procedure (31). Formally, we propose a quantum Metropolis algorithm that exhibits a quadratic quantum speedup as a function
of the eigenvalue gap δ of the corresponding Metropolis Markov
matrix M for any quantum Hamiltonian H. Note that, because
Yung and Aspuru-Guzik

classical Hamiltonians belong to a subclass of quantum Hamiltonians, our algorithm is also applicable to classical systems.
Lastly, we note that this algorithm is still limited by the
Markov-chain gap δ, which implies that there are problems, especially ground-state problems of frustrated systems, where this
algorithm cannot solve efficiently. This result is expected, as
otherwise, hard problems (20) in the quantum Merlin–Arthur
complexity class (and even NP) would be solved by this algorithm.
Whether such a quantum algorithm could exist is still one of the
major open questions in quantum information science.
Summary of the Main Results. The quantum Metropolis algorithm
constructs the thermal state, ρth ¼ e−βH ∕Trðe−βH Þ, for any given
quantum (or classical) Hamiltonian H, where the system to be
simulated is prepared at a given temperature
T (β ≡ 1∕kB T), with
pﬃﬃﬃ
a quadratic quantum speedup Oð1∕ δÞ in the gap δ of the corresponding Markov matrix M. We call this Q2 MA because it
shows a quantum speedup for the Markov chain of thermal-state
preparation for a quantum system being simulated. For comparison, the construction method by Temme et al. (34) is restricted by
the no-cloning theorem insofar as the information of a eigenstate
cannot be retrieved after accepting the proposed move in the Metropolis step. We relax this restriction by adopting a dual representation where the basis states consist of pairs of eigenstates
related by time-reversal operation (see Eq. 8). For the cases
where the physical system being simulated is time-reversal invariant, the pair of the eigenstates forming the basis vector become
identical. This construction effectively circumvents the restriction
imposed by the no-cloning theorem.
Outline of the Key Ideas of Q2 MA. The goal of the proposed Q2 MA
is to prepare the coherent encoding of the thermal state (CETS),

jα0 i ¼

N−1 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e−βEi ∕Z jii;

[1]

∑
i¼0

where jii ≡ jφi ijφ~ i ij0i, the state jφi i is the eigenstate of a quantum Hamiltonian H, associated with the eigenvalue Ei , and
Z ¼ Trðe−βH Þ is the partition function. The state jφ~ i i is the
time-reversal counterpart (complex conjugate) of jφi i, which is
the eigenstate of the corresponding time-reversal Hamiltonian
~ ≡ H  with the same eigenenergy Ei . After tracing out all of
H
the ancilla quantum bits (qubits), the CETS is equivalent to
ρth ¼ ð1∕ZÞ∑i e−βEi jφi ihφi j. An outline of this algorithm is shown
in Fig. 1. The steps go as follows: A maximally entangled state
N −1∕2 ∑N−1
x¼0 jxijxi is the input state of the algorithm. Alternative
input states are possible as long as they have a finite overlap with
the CETS, but for simplicity we will focus on only one particular
type of input state here. This maximally entangled state can be
mathematically transformed into a state (see Eq. 8) that spans
the dual basis related to the Hamiltonian H to be simulated. Note
that this state represents the infinite temperature β ¼ 0 state.
Next, a generalization of Szegedy’s operator W (see Eq. 12) will
be constructed and applied to the input state. The main purpose
of W is to project out the CETS at a lower temperature through
the quantum phase estimation algorithm. A similar procedure is
then repeated for projecting out a CETS at an even lower temperature, and so on. The whole procedure for “adiabatically” preparing from a high-temperature CETS to a lower-temperature
one is known as QSA (31). When the ancilla qubits are traced
out, we obtain the thermal density matrix ρth ¼ e−βH ∕Trðe−βH Þ,
which accomplishes the goal of the Q2 MA.
Organization of the Paper. We first summarize the features of Markov chains, Metropolis sampling, and Szegedy’s method that are
related to this work, in a way that become applicable to both
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Markov-Chain-Based Methods. For problems where clever approximating solutions are unavailable, one may still be able to solve
them efficiently by using Markov-chain-based Monte Carlo methods. In the context of quantum computation, Szegedy described a
method to quantize classical Markov
pﬃﬃﬃ chains (30). The key result is
that a quadratic speedup Oð1∕ δÞ in the gap δ of the transition
matrix is possible. This idea was later adapted to other algorithms
(31, 32) for preparing thermal states of classical Hamiltonians,
based on the idea of quantum simulated annealing (QSA) (31).
In fact, Markov chains that correspond to classical Hamiltonians are relatively easy to construct, as all the eigenstates of classical Hamiltonians are in the computational basis jxi. However,
preparation of the thermal states of quantum Hamiltonians (20,
21, 33, 34), where the eigenvectors are in nontrivial superposition
of the computational basis vectors, is a much more challenging
problem for classical computation. Classically, one would need
to solve for the full eigenvalue problem (i.e., look for all eigenvalues and eigenvectors) for the quantum Hamiltonian first,
which often requires more computational resources than directly
computing the corresponding partition functions. Quantum mechanically, any attempt for a straightforward generalization of the
classical method by Szegedy would encounter the problem due to
the inability to clone quantum states (35).

tailed balance condition [2] is given by the following choice:
mji ¼ sij zji , where sij ¼ sji is any symmetrical transition probability,
and
zij ¼ minf1;e−βðEj −Ei Þ g

[3]

is sometimes called the Metropolis filter, which determines the
acceptance or rejection of a proposed change of the eigenstates
by comparing the energy difference between them.
In a practical implementation of the Metropolis method (e.g.,
when applied to the Ising model), one starts with an arbitrary initial configuration of spins and then applies a random transition
(e.g., single spin-flip) from one configuration (eigenstate) to another, and compares the energy between the new eigenstate and
the old one. According to the rule in Eq. 3, if the new eigenstate
has a lower energy, then the move is accepted. Otherwise, the
move is accepted only with a probability distribution given by
the ratio of the corresponding Boltzmann factors—i.e.,
e−βðEj −Ei Þ . It is important to note that, in the whole operation,
the explicit knowledge of the partition function Z, which usually
cannot be computed efficiently, is not required.

Fig. 1. Outline of the Q2 MA for preparing thermal
pﬃﬃﬃﬃ states of quantum
Hamiltonians H. (i) A maximally entangled state, ð1∕ NÞ∑x jxijxi, of n qubits
is first prepared. (ii) Then,
pﬃﬃﬃﬃ it is mathematically transformed into a maximally
entangled state, ð1∕ NÞ∑i jφi ijφ~ i i (see Eq. 8), associated with the Hamiltonian H. (iii) A schedule of QSA (31) is then applied to this state, lowering
the simulated inverse temperature from zero to β. The QSA algorithm is
based on the phase estimation algorithm using the Szegedy operator W defined in Eq. 12. (iv) The resulting state is a CETS described in Eq. 1. (v) The final
state becomes the thermal state ρ ¼ e−βH ∕Trðe−βH Þ, after tracing out all of the
ancilla qubits.

classical and quantum systems. Next, we outline the generalization of the method of Markov-chain quantization by Szegedy (30)
to make it applicable to quantum Hamiltonians H. Then, we analyze the structure of the Szegedy operator W in detail. Finally, we
combine the results above with the method of quantum simulated
annealing (31) to generate thermal states of quantum systems at
any finite temperature T. We describe nonessential technical
details in the SI Text.
Review of the Classical Metropolis Method
In the standard Metropolis scheme as employed in classical computation (5), the thermal Gibbs distribution e−βEi ∕Z of certain a
eigenstate jφi i of a certain Hamiltonian H, associated with the
eigenenergy Ei , at an inverse temperature β ¼ 1∕kB T, is generated
through a Markov-chain procedure, in which the matrix element mij
of the corresponding Markov transition matrix M refers to the
transition probability from the eigenstate jφi i to jφj i. The equilibrium (stationary) distribution of the Markov-chain procedure,
π i ≡ e−βEi ∕Z, satisfies the following detailed balance condition:
π i mij ¼ π j mji :

[2]

For classical Hamiltonians, the eigenstate vector jφi i is simply one
of the vectors in the computational basis fjxig, but for quantum Hamiltonians, jφi i is, in general, a nontrivial superposition of the computational basis vectors.
The Metropolis Filter. The Metropolis method solves problems by
using an efficient way to construct a Markov chain so that the
final distribution of certain random variables is identical to the
distribution fπ i g. A well-known solution that can satisfy the de756 ∣
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Performance of the Metropolis Method. The performance of the
Metropolis method depends on many factors. For many cases,
it depends on the properties of the underlying transition matrix
M of the Markov chain, especially the eigenvalues λk , which are
all positive and bounded by one, and the largest eigenvalue is always equal to one. For convenience, we order them as
λ0 ¼ 1 > λ1 ≥ ⋯ ≥ λN−1 > 0. The problem is solved when the
Markov-chain procedure produces the stationary distribution
fπ i g. The convergence time of a Markov chain is limited by
the eigenvalue gap δ ≡ 1 − λ1 of the transition matrix M as
Oð1∕δÞ (6). For problems such as spin glasses (7), this gap can
be very small, and hence it will necessarily take a long time to
solve. The purpose of this work is to show that the
pﬃﬃﬃ running time
of quantum algorithms can be improved to Oð1∕ δÞ, and that we
can fully extend the Metropolis sampling algorithm into the quantum domain (i.e., for quantum Hamiltonians and with quantum
speedup).

Summary of Szegedy’s Method
The idea of Szegedy’s method (30) of Markov-chain quantization
is to construct a unitary operator W that contains the information
of a Markov matrix, which turns out to have two important properties: (i) the CETS of Eq. 1 is one
pﬃﬃﬃof the eigenstates of W , and
(ii) the eigenvalue gap scales Oð δÞ. These two properties are
important for generating classical thermal states through annealing (31, 32).
The first step of Szegedy’s method is to encode the information
about the transition matrix elements mij into a pair of unitary
operators, which acts on two sets of qubits:
U X jiij0i ¼

∑

pﬃﬃﬃﬃﬃﬃ
mij jiijji;

[4]

pﬃﬃﬃﬃﬃﬃ
mji jiijji;

[5]

j

U Y jjij0i ¼

∑
i

where jii and j0i ≡ j000.::i are state vectors in the computational
basis. Let us define a more compact notation ji;0i ≡ jiij0i.
Using the detailed balance condition in Eq. 2, we have
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
hi;0jU †X U Y jj;0i ¼ mij mji ¼ π i mij ∕ π j , which implies that,
within the subspace fji;0ig, the matrix U †X U Y is therefore a similar matrix to the Markov matrix M (i.e., same eigenvalue spectrum fλk g). Based on this property, the Szegedy operator is
defined as
Yung and Aspuru-Guzik

[6]

where I is the identity operator, Λ1 ≡ ∑i ji;0ihi;0j, and
Λ2 ≡ U †X U Y Λ1 U †Y U X . Now define a set of eigenvectors jϕk i such
that Λ1 U †X U Y Λ1 jϕk i ¼ λk jϕk i. By direct substitution, the Szegedy
operator is block diagonal and can be decomposed into 2 × 2
matrices in the subspace fjϕk i;U †X U Y jϕk ig:

wk ¼

cosð2θk Þ
sinð2θk Þ


− sinð2θk Þ
;
cosð2θk Þ

[7]

where cos θk ≡ λk . For k ¼ 0 (i.e., λ0 ¼ 1), we have w0 jϕ0 i ¼ jϕ0 i,
pﬃﬃﬃﬃ
where jϕ0 i ¼ ∑i π i ji;0i contains the stationary distribution of
the Markov chain (see SI Text), which is point (i) above. On
the other hand, the eigenvalues of wk are expð2iθk Þ, and the
eigenvalue
gap Δ ≡ j1 − e2iθ1 j satisfies the following inequality:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
Δ ¼ 2 1 − λ21 ≥ 2 δ, which corresponds to point (ii) and leads
pﬃﬃﬃ
to the quadratic speedup Oð1∕ δÞ (31, 32).
Generalization of the Markov-Chain Quantization Method to
Quantum Hamiltonians
The Markov-chain quantization method by Szegedy (30) discussed above is applicable to classical Hamiltonians only, because
it was formulated in the computational basis. To extend Szegedy’s
method to make it applicable to quantum Hamiltonians, we start
with the following procedure:pfirst
ﬃﬃﬃ we prepare a set of n qubits
initialized in the state ð1∕ 2Þn ðj0i þ j1iÞ⊗n , or equivalently
n
N −1∕2 ∑N−1
x¼0 jxi, where N ¼ 2 . By performing a bit-by-bit controlled-NOT gate on a set of n ancilla qubits initialized in the
state j000.::0i, we obtain the maximally entangled state
N −1∕2 ∑N−1
x¼0 jxijxi, which can be formally expressed as an entangled state of the form (SI Text)
1 N−1
jφi ijφ~ i i;
jϕ0 i ≡ pﬃﬃﬃﬃ
N∑
i¼0

[8]

where jφi i ¼ ∑N−1
x¼0 hxjφi ijxi is an energy eigenstate of H (i.e.,
Hjφi i ¼ Ei jφi i), and jφ~ i i ≡ ∑N−1
x¼0 hφi jxijxi is the time-reversal
counterpart (complex conjugate) of jφi i, which is the eigenstate
~ ≡ H  with the
of the corresponding time-reversal Hamiltonian H
~ φ~ i i ¼ Ei jφ~ i i). As we shall see, the
same eigenenergy Ei (i.e., Hj
pair structure jφi ijφ~ i i of the eigenvectors provides a unique feature for our construction of the quantum algorithm. For example,
through the phase estimation algorithm (PEA), the value of eigenvalue Ei can be obtained either from jφi i or jφ~ i i; this is the key
property introduced in this paper, which relaxes the constraints of
the previous quantum Metropolis algorithm (34) in applying it to
Szegedy’s method.
In the following, for the purpose of clarity, we shall assume that
the PEA can be applied perfectly, in the sense that each eigenstate can be uniquely identified by a unique eigenvalue. It turns
out that the problem of degeneracy of the eigenenergies of a
quantum Hamiltonian alone is not necessarily a hurdle for the
construction of our algorithm. We leave our discussion on the
effects of degeneracy on this algorithm to the SI Text.
Encoding the Information of the Markov Chain. We have prepared
the initial input state [8] of the Q2 MA. Now, we have to define
the required operations: Let us include in our Hilbert space an
extra qubit initialized in the state j0i and define a more compact
notation, jii ≡ jφi ijφ~ i ij0i. In the Q2 MA, the information of a
Markov chain (i.e., zij ) is encoded in a pair of unitary operators
U X and U Y in the following way (see Eqs. 4 and 5, and see SI Text
for their detailed construction):
Yung and Aspuru-Guzik

U X jii ¼

ðσ jφ ijφ ij0i þ γ ik jφi ijφk ij1iÞ;
∑ ik k i

[9]

ðσ jφ ijφ ij0i þ γ jm jφm ijφj ij1iÞ;
∑ jm m j

[10]

k

U Y jji ¼

m

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃ
where σ ik ≡ αk~i zik , γ ik ≡ αk~i 1 − zik , and αk~i ≡ hφk jKjφ~ i i. Here,
K is an unitary operator, and like the spin-flip operator σ x in the
classical Metropolis method, K causes transitions from one eigenstate to another. Here, zik is the Metropolis filter defined in Eq. 3.
Note that U Y is related to U X by a controlled-SWAP operation.
The physical meaning of U X is that, when the system is in the
eigenstate jφi i, the transition probability for it to make a transition to another eigenstate jφk i is jσ ik j2 ∝ zik . This operation is
consistent with the rules in the classical Metropolis method.
The meaning of U Y is not as clear as U X ; the way U Y is constructed is mainly to make the combination U †X U Y contain the
same eigenvalue spectrum as the Markov matrix M (see Eq. 11).
Connection with the Markov Matrix. To see an explicit connection
between the operators U X and U Y with the Metropolis Markov
matrix M, we will apply the detailed balance condition [2] to the
product of U †X and U Y , which are the key elements in constructing Szegedy’s operator W (Eq. 12). From Eqs. 9 and 10, for j ≠ i,
we have hjjU †X U Y jii ¼ jαj~i j2 ðzij zji Þ1∕2 , where we used hφi jφ~ j i ¼
hφj jφ~ i i. Note that the right-hand side is equal to ðmij mji Þ1∕2 .
On the other hand, hijU †X U Y jii ¼ jαi~i j2 þ ∑k jαk~i j2 ð1 − zik Þ, which,
as we shall see, can be interpreted as the probability of not undergoing a transition. Now, using Eq. 2, we obtain the following
decomposition:
−1∕2
jii;
hjjU †X U Y jii ¼ hjjD1∕2
π jjihjjMjiihijDπ

[11]

where Dπ ≡ ∑N−1
is a diagonal matrix, and
j¼0 π j jjihjj
M ≡ ∑i;j mij jjihij, with mii ≡ hijU †X U Y jii and mij ≡ jαj~i j2 zij for
j ≠ i, is the transition matrix of the Markov chain. Within the subspace fjiig, Eq. 11 implies that U †X U Y and M are similar matrices,
which means that they have the same set of eigenvalues λk . The
stationary distribution π i ¼ e−βEi ∕Z of M is the same as the Gibbs
distribution for the quantum system to be simulated. This property is relevant to the construction of Szegedy’s operator W ,
which is defined in the following section.
Construction of the Generalized Szegedy Operator
Now, we have shown in Eq. 11 that the product U †X U Y is a similarity transform of a Markov matrix M within the subspace fjiig.
We will need to take one more step to see how this property can
lead us to be able to make good use of it. Following Szegedy (30),
the results above allow us to construct a unitary operator (see
Eq. 6)
W ≡ ð2Λ2 − IÞð2Λ1 − IÞ;

[12]

where I is the identity operator, and the two projectors are de†
†
fined by Λ1 ≡ ∑N−1
i¼0 jiihij and Λ2 ≡ U X U Y Λ1 U Y U X . Note that the
structure of W is similar to those reflectors in other Grover-type
algorithms. It therefore comes as no surprise that one can achieve
a quadratic quantum speedup. However, the quantum speedup
achieved here is quite different from that in the Grover-search
problem, where the quantum speedup refers to the gain in the
reduction of computational steps compared with the problem
size. Here, the quantum speedup refers
pﬃﬃﬃto the gain in the amplification of the Markov gap from δ to δ, which has no direct relationship with the problem size.
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W ≡ ð2Λ2 − IÞð2Λ1 − IÞ;

Table 1. Comparison of various Markov-chain-based algorithms for thermalstate preparation (see text for definitions)
Methods
Q Metropolis I (33)
Q Metropolis II (34)
Q Markov chain I (31)
Q Markov chain II (32)
Q2 MA (this work)

Hamiltonian

Input

Output

Quantum speedup

quantum
quantum
classical
classical
quantum

any ρ
any ρ
jþi⊗n
jþi⊗n
jϕ0 i

ρth
ρth
CETS I
CETS I
CETS II

no
no
quadratic
quadratic
quadratic

Spectral Properties of the Generalized Szegedy Operator. The
Szegedy operator W will be employed to perform the projection
of the CETS (see Eq. 1) in the phase estimation algorithm. In the
following, we will show that the “ground state” of W is indeed
the CETS. The spectral properties of W can be seen in the following way: Define jαk i ≡ ∑N−1
i¼0 aki jii to be the eigenvectors
of Λ1 U †X U Y Λ1 ; the eigenvalue equation can be written as
Λ1 U †X U Y jαk i ¼ λk jαk i. On the other hand, using the fact
(see SI Text) that Λ1 U †X U Y Λ1 ¼ Λ1 U †Y U X Λ1 , we have
Λ2 jαk i ¼ λk U †X U Y jαk i. These two equations suggest that, if we
start with vectors within Λ1 , W can be block-diagonalized into
subspace of 2 × 2 matrices wk spanned by the basis
fjαk i;U †X U Y jαk ig. Explicitly (see Eq. 7),


wk ¼


cosð2θk Þ − sinð2θk Þ
;
sinð2θk Þ cosð2θk Þ

[13]

where cos θk ≡ λk . Note that the eigenvalues of wk is eiθk . In the
case of k ¼ 0, where λ0 ¼ 1 (or θ0 ¼ 0), w0 ¼ I is simply an identity matrix.
From Eq. 11 and the properties of the Markov matrix (see details in SI Text), the k ¼ 0 state is the CETS in Eq. 1. Recall that
jii ≡ jφi ijφ~ i ij0i, the state jα0 i becomes the Gibbs thermal state
ρth ¼ e−βH ∕Trðe−βH Þ when the other qubits are traced out.
Quadratic Quantum Speedup. One of the most important features
about W is that the minimum eigenvalue gap Δmin ≡ j2θ1 j of W is
larger than two times the square root of the gap
δ ≡ 1 − λ1 of the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
transition matrix M (using 2θ ≥ j1 − e2iθ j ¼ 2 1 − cos2 θ):

pﬃﬃﬃ
Δmin ≥ 2 δ;

[14]

which is the mathematical origin of the quadratic speedup of Szegedy’s algorithm. Recall that, for classical Markov-chain algorithms, the performance scales as Oð1∕δÞ (6). As we shall see
next, when we apply W in the
pﬃﬃﬃ phase estimation algorithm, the
performance scales as Oð1∕ δÞ.
This section completes our discussion on the necessary tools
needed for the following discussion, and we are ready to go
through the method of QSA (31).
Quantum Simulated Annealing
Our quantum simulation algorithm goes as follows: Given a quantum Hamiltonian H and any finite temperature T, the goal is to
obtain the corresponding CETS of the form in Eq. 1, from the
initial state defined in Eq. 8, which can be readily prepared from
the state j000.::0i, and which can be considered as the infinitetemperature (β ¼ 0) state. To achieve this goal, we can use the
method of QSA (31). For completeness, we outline the basic
strategy and summarize the related results in the following paragraph. Technical details are included in the SI Text.
Let us suppose that we aim to obtain the CETS corresponding
to the temperature β. The strategy of the QSA method is to prepare a sequence, j ¼ 0;1;2;::;d, of d þ 1 of coherent thermal
−βj Ei
states, jαj0 i ¼ ∑N−1
∕Zj Þ1∕2 jii, at a time; the temperature
i¼0 ðe
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βj ≡ ðj∕dÞβ of the coherent thermal state is lowered in each step.
The basic idea for implementing this procedure is that, for a sufficiently small change of β, Δβ ≡ β∕d, one can show that the
CETS jαj0 i has a good overlap with another CETS jαjþ1
0 i at a lower temperature. Explicitly, the fidelity between the two states is
j 2
bounded by the following expression: jhαjþ1
0 jα0 ij ≥ 1 − ϵ0 , where
ϵ0 is bounded by OðΔβ2 ∥H∥2 Þ (SI Text).
The next step in the QSA is to consider a projective measurejþ1
jþ1
ment operator Πkþ1 ¼ ∑N−1
k¼0 jαk ihαk j constructed in the eigenjþ1
basis of jαk i. When Πkþ1 is applied to the CETS jαj0 i, it will
result in the lower-temperature state jαjþ1
0 i with a high probability. The same procedure is then repeated for the other CETS at
lower temperatures. For the entire process,
Π1

Π2

Πd

jα00 i→jα10 i→⋯→jαd0 i:

[15]

The total error accumulated (see details in SI Text)
ϵ ¼ dϵ0 < Oðβ2 ∥H∥2 ∕dÞ can be suppressed by refining the step
size, which is analogous to the quantum Zeno effect applied to a
slowly varying basis.
Now, using the machinery we have developed, the operator*
W jþ1 can be used to construct such a projective measurement,
through the phase estimation algorithm (32) (see also SI Text).
Alternatively, one may employ the method in ref. 31, which is
equivalent to some projective measurements, where W jþ1 is applied multiple times randomly.
pﬃﬃﬃ In any case, the number of controlled W jþ1 is at most Oð1∕ δÞ for each step of annealing, which
is a quadratic speedup relative to classical Markov chains.
Comparison with Other Related Quantum Algorithms
To summarize, we have described a quantum Metropolis algorithm that extends Szegedy’s method of classical Markov-chain
quantization to the quantum
domain and provides a quadratic
pﬃﬃﬃ
quantum speedup Oð1∕ δÞ in the gap δ of the transition matrix
M. This extension is achieved by adopting a dual representation
where the set of basis states consists of pairs of eigenstates jφi ijφ~ i i
related by the time-reversal operation. The algorithm requires
twice the amount of system qubits, and the number of ancilla qubits has a logarithmic dependence on temperature O½logð1∕TÞ.
Details for comparison are summarized in the SI Text.
A comparison of various Markov-chain-based quantum algorithms is summarized in Table 1. To facilitate reading, we explain several definitions and terminologies below: (i) the term
“classical Hamiltonian” (e.g., Ising spin model) refers to the cases
where the eigenstates are the same as the basis states in the computational basis; the term “Quantum Hamiltonians” refer to the
cases where the eigenstates generally contain superposition states
of the states in the computational basis. Therefore, the eigenstates of the classical Hamiltonians are by definition known,
whereas those for quantum Hamiltonians are not.
pﬃﬃﬃ (ii) The symbol
ρ refers to a density matrix, jþi ≡ ðj0i þ j1iÞ∕ 2, and the quantum state jϕ0 i as defined by Eq. 8). (iii) The thermal density matrix is ρth ¼ e−βH ∕Trðe−βH Þ, CETS II is defined in Eq. 1), and
jþ1

*The W operator defined in [12] for jαk i.
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CETS I (see also ref. 23) is similar to CETS II, but the basis states
fjiig are replaced by the computational basis. (iv) By “quantum
speedup”, we consider only the quantum speedup with respect to
the gap δ of the transition matrix of the Markov chain. It is not
known whether other types of quantum speedup exist.

Hamiltonians being simulated. Finally, as the application of
the Metropolis method to quantum Hamiltonians can be considered as a special case of quantum maps (operations), it may be
possible that the results presented here could be generalized to
allow quantum speedup for a much broader class of quantum maps.
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Conclusion
In conclusion, we presented a quantum algorithm that completes
the generalization of the classical Metropolis method to the
quantum domain. Similar to ref. 34, the advantages of this quantum algorithm over classical algorithms can be exponential because there is no need to explicitly solve for the eigenvalues
and eigenvectors using classical algorithms for the quantum
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