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I. In a paper read before the section of algebra of the International
Mathematical Congress at Toronto the present writer gave the definitions
of the differential combinants of a set of p differential quantics,

f(') = as;c)m = (a(') o+ ...+ G(’) dxn)m = (da(r))m’ (7’ =1.., p)) (1)

p Z n, and developed general methods of generating these parameters.
The special property of combinant differential parameters is their invari-
ance when the forms themselves are subject to linear transformations with
constant coefficients.! No theory of complete systems is yet known even
in the binary case. In fact the problem of the fundamental system of
algebraic? combinants is far from completion and one of the most recent
writers on the latter® subject confined his discussion, in lieu of such theory,
to statistical data, giving tables of important combinants of low orders
for binary forms of various orders without emphasis upon finite systems.
The significance of such data results from the importance of combinants
in applications* of invariant theory to geometry.

The object of the present article is to indicate the methods which are
available for the construction of corresponding tables of differential com-
binants. In particular it is shown that the number of combinant par-
ameters in a complete system is necessarily large.

II. Suppose there are two binary ground-forms, f, g, as in (1)

f = (da)m = adx: £ = (dﬂ)m = ﬂdx = ﬁdx- (2)

We construct a set, S, of algebraic combinants of f, g, a fundamental
system if one is known for the given order m. These, and all combinants
found, are complemented by multiplication by the proper powers of the
resultant of f and g to make all invariants® absolute. We then apply to
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S the following operations which generate combinant parameters from
combinants:

(#) 'The jacobian of f and g or of any pair of combinants.

(#5) ‘The total differential of any combinant.

(747) 'The operation § and its iterations:

w0 .o b * '
+ 3
=¢ o, $ > (?

in which {‘1’ , @ are any elements cogredient to dx;, dx,.
‘(#v) Polarization by

Pe
P = g—(l) + g'(Z) . 4
b(dxx) 0(dxz) ‘
Having generated all poésible combinants of orders =< ¢, by (2), ..., (1),

we may form the algebraic simultaneous concomitant system of the to-
tality and all parameters generated thus will be combinants of orders ¢
or less.

The forms may be expressed either in Maschke’s symbolic notation® or
as actual functions.

III. Consider the problem of two quantics of the second-order,

f = (da)? = ag(x, x2)dx; + 2a1(%1, %2)dx1d%2 + aa(%1, %2)dx3, ®)
g£= (dB)? = bo(x1, xz)dxl + 2b1(%1, %2)dx:1d%s + ba(xy, )dxz-

A complete system of algebraic combinants consists® of the first trans-
vectant, /, of f and g and its discriminant D. '

A combinant of order ¢ of two m-ics is rational and integral in the de-
terminants of order two of the matrix

”a;,,,“-’x,”, bi®—? ’|| (v— 0,..,u;u=0,...,,,2=0,...,m), (6)

where
b"a;
U—9 v =

B " = x "oy

Each different set (¢, #—v, v) furnishes a row of the matnx If we use
the abbreviation

| C 1: g) = Gin? 52 bjn n° = Gjn| 2 bin? w7 Y,

i(lpq) (I'P+1q)+(:’ P q)
Ox s ir+1s)
i(; (]pq+1 (ip q)
ox. jrs+ 1)

(®)
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‘The following is the complete list of combinants of orders < 1, when’
s =pTH% oo _pTE o ()
bxz axl

and » is an arbitrary function of x;, ;. Note that subscripts of symi’)ols
indicate partial derivatives. Thus,
o? @,

Xydx = b 2 % + bxlbxg

dx, =vau dx1 + ai d. v(lO)

Symbolic forms
(1) J = (aB)awBar, (2) D = } (aB)(a’'8) [(aB')(Ba') + (aa’)(BB)],

@10 = Guddandun @ D7 = (Lt D7),

@ t)= @ wp7
(6) Polars of the above forms by the operator P."
- Leading coefficients
000 \? 000\ (100, 010
() ( ) ‘4( ) (200) @ ( D
@) - (000 010 ( 010 (100
200 210 200
4 (000 (100 (ooo 110 010
110/ \200 100 2]0 100
000 -4 i g , /000 (001
+(30)])} o7t =507t @ o™ = [ —4(500) (500
_1 (000Y (000 n 001\ /100 + 000 (100 + 000 101
2 \200/ \ 201 100/ \ 200 101 200 100 200
' 000 (100Y7] {000 001 000

+ (100> (201)] (100) +D [(100) + (101)]'

IV. ‘The paper mentioned in paragraph I is mostly theoretical, pre-
senting the theory of differential combinants of general order of  forms in
n variables. It deals, also, with a principle of translation analogous to
that of Meyer? for rational curves. The generalization of (6), III, is

fundamental: Combinants of order 7 of the set (1) are functions of determi-
nants of order p of the matrix

”a?.)..lxsll--'x:", ~~~~~~~~ ’ a:p) tzl . "‘s"”

(s1+..+s,=¢4t=0,..,7,¢4+ 74 .. + ! =m), in which the letters
a{” , are the actual coefficients of f.
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There are two ways of studying the relationship between various methods
for the summation of divergent series. One consists in the attempt to

.determine directly whether or not one is more general than the other, and

if this is not the case to determine under what conditions both methods
apply and give the same sum to the series that is used. Another method
involves the determination of the relative scope of the various processes
in summing certain general types of series that are of fundamental im-
portance in analysis. The former method is more exhaustive from the
theoretical point of view; the latter is, perhaps, of greater practical interest.

The two most important types of series in analysis at the present time
are power series and Fourier’s series. It is well known that Cesaro’s
method will not sum a power series outside of its circle of convergence,
whereas Borel's method applies everywhere within the polygon of sum-
mability. However, in the case where the circle of convergence is a
natural boundary, Cesaro’s method may be applicable at points on the
circle of convergence where Borel's method fails. This phase of the re-
lationship between the two methods may well be descrjbed by an illumi-
nating remark made by G. H. Hardy? in another connection, namely, that
“Borel’s method, a]though more powerful than Cesaro’s, is never more
delicate, and often less so.’

Cesaro’s method has been found to be admirably adapted to the study.
of Fourier’s series. It will give the proper sum for the Fourier’s series of
any continuous function at all points, and will sum the Fourier’s series of
any function having a Lebesgue integral to the value of the function, ex-
cept perhaps at a set of points of measure zero. Since there is considerable
similarity in the behavior of Fourier’s series and the behavior of power
series on the circle of convergence, it is natural to expect that Borel's



