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High-altitude clouds and hazes are integral to understanding exopla-
net observations, and are proposed to explain observed featureless
transit spectra. However, it is difficult to make inferences from these
data because of the need to disentangle effects of gas absorption
from haze extinction. Here, we turn to the quintessential hazy world,
Titan, to clarify how high-altitude hazes influence transit spectra. We
use solar occultation observations of Titan’s atmosphere from the
Visual and Infrared Mapping Spectrometer aboard National Aeronau-
tics and Space Administration’s (NASA) Cassini spacecraft to generate
transit spectra. Data span 0.88–5 μm at a resolution of 12–18 nm, with
uncertainties typically smaller than 1%. Our approach exploits sym-
metry between occultations and transits, producing transit radius
spectra that inherently include the effects of haze multiple scattering,
refraction, and gas absorption. We use a simple model of haze ex-
tinction to explore how Titan’s haze affects its transit spectrum. Our
spectra show strong methane-absorption features, and weaker fea-
tures due to other gases. Most importantly, the data demonstrate
that high-altitude hazes can severely limit the atmospheric depths
probed by transit spectra, bounding observations to pressures smaller
than 0.1–10 mbar, depending on wavelength. Unlike the usual as-
sumption made when modeling and interpreting transit observations
of potentially hazy worlds, the slope set by haze in our spectra is not
flat, and creates a variation in transit height whose magnitude is
comparable to those from the strongest gaseous-absorption features.
These findings have important consequences for interpreting future
exoplanet observations, including those from NASA’s James Webb
Space Telescope.

transit spectroscopy | extrasolar planet

Clouds and hazes are ubiquitous in the atmospheres of solar
system worlds (1). Furthermore, it is now becoming apparent

that high-altitude hazes strongly influence observed spectra of
exoplanets (2–6). These hazes can limit our ability to study the
underlying atmosphere, especially in transit spectroscopy, where
the opacity of an exoplanet’s atmosphere is studied by observing
the wavelength-dependent dimming of the host star as the planet
crosses the stellar disk (7, 8). Here, long pathlengths through the
atmosphere mean that even relatively tenuous haze layers can
become optically thick (9). Depending on the cloud or haze
properties, the result can be a flat or smoothly varying spectrum
that contains little information about the composition of the bulk
of the exoplanet’s atmosphere.
A major obstacle to interpreting observations of potentially

hazy exoplanet atmospheres is a lack of understanding of how
aerosols influence transit spectra. A number of key physical
processes are at play—gas absorption, atmospheric refraction,
Rayleigh scattering, and multiple scattering by cloud and haze
particles (10, 11). Although models of atmospheric transmission
effects on a transit exist (12–16), the complexity and computa-
tional cost of implementing all of the aforementioned processes
forces simplification of the problem. As a result, models com-
monly treat clouds and hazes as an opaque, gray absorbing layer
that prevents light from probing deeper levels.

Here, we turn to the archetypal hazy world—Titan—to shed
light on how high-altitude clouds and hazes can influence transit
observations, thus building a bridge between Titan studies and
exoplanetary science, where Titan analog worlds are currently being
modeled (17–19) and may prove to be a very common class of
planet in the universe (20). Titan is ideally suited to this task, as it
possesses a haze that extends to pressures approaching 10−6 bar (21,
22), and, unlike exoplanets, is extremely well-studied, including in
situ observations (23). We link Titan to exoplanet transit observa-
tions using solar occultation observations, which have an analogous
geometry to exoplanet transits, and have a long history of providing
detailed information on the atmospheric composition and structure
of solar system worlds (24–26).
To date, the similarities between exoplanet transits and solar

or stellar occultations by solar system worlds have not been
exploited as a means of bridging these two research fields. Al-
though Earth’s atmospheric transmission has been measured
during lunar eclipse and interpreted in terms of exoplanet
observations (27, 28), these data only probe a limited range of
altitudes (∼ 10  km, depending on the solar-elevation angle), and
require corrections for telluric absorption, solar lines, and the
lunar albedo. Furthermore, it is clear that, with regards to exo-
planetary science, what is needed is a better understanding of how
high-altitude hazes influence transmission spectra, and Earth does
not have a particularly hazy upper atmosphere.
In this work, we use observations from the National Aeronautics

and Space Administration (NASA) Cassini mission of solar occul-
tations by Titan’s atmosphere to, for the first time (to our knowl-
edge), produce transit radius spectra of a hazy, well-characterized
world. Because of the symmetry in the geometry of occultations
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and transits, these data inherently include the effects of refraction
and aerosol multiple scattering. Our observations provide an es-
sential and much-needed means of validating exoplanet transit
models against solar system data, and can be used to test proposed
approaches for deciphering transit spectra. To better understand
how Titan’s high-altitude haze affects the transit spectra, we de-
velop an analytic model of haze extinction. Finally, we interpret
our spectra within the context of exoplanet observations, yielding
insights into the effects of hazes on transit observations.

Observations and Data Processing
Fig. 1 shows the geometry and relevant variables of occultation
and transit, which are analogous to one another. In transit, rays
leave the stellar disk at the left of the diagram, are refracted and
attenuated, and exit the atmosphere to travel to the observer,
who is effectively an infinite distance away. In occultation, rays
from the occulted star come from the right of the diagram. For
a distant star, these rays are parallel, and for solar occultations
rays can be nonparallel, depending on the angular size of the
Sun. These rays are attenuated and refracted by the atmosphere
before exiting in the direction of the observer (a relatively short
distance, D, away). Thus, occultation measurements can be readily
converted into transit radius spectra.

Occultation Spectra. The Visual and Infrared Mapping Spec-
trometer (VIMS) (29) aboard NASA’s Cassini orbiter has ob-
served 10 solar occultations through Titan’s atmosphere since
the beginning of the mission. Spectra are acquired through a
special solar port, which attenuates the intensity of sunlight on
the detector, span 0.88–5 μm, and have a spectral resolution be-
tween 12 and 18 nm, increasing with wavelength. Because of tech-
nical problems related to pointing stability and parasitic light, only
four occultations out of ten could be analyzed. Table 1 summarizes
the main parameters of the four datasets.
The atmospheric transmission, tλ, along the line of sight is ob-

tained by taking the ratio of every spectrum to the average spectrum
outside the atmosphere (i.e., the reference solar spectrum). This
is a self-calibrating method—instrumental effects and systematic
errors are removed with the ratio, provided that the occultation is
stable and the intensity variations are only due to the atmosphere.
Fig. 2 shows the altitude-dependent transmission spectra for the
27°N occultation.

The uncertainty on the transmission values are given by the
standard deviation over the average of the solar spectrum out-
side the atmosphere, which is stable except for random noise.
Additional details on the data-treatment process are described in
Maltagliati et al. (30). We note that these results are in good
agreement with the analysis of the 70°S occultation dataset by
Bellucci et al. (22), who used different data-processing methods.
Note that the angular diameter of the Sun at Saturn’s orbital

distance, θ⊙, is about 1 mrad, so that its image actually subtends
a range of altitudes given by θ⊙D, or about 6–10 km. Thus, each
individual transmission spectrum contains information from a
small range of altitudes. Fortunately this range is smaller than
both the vertical resolution of the corresponding datasets (shown
in Table 1) and the atmospheric scale height (∼ 40  km, implying
that atmospheric properties should not change dramatically over
the 6–10 km range). Nevertheless, future applications of the tech-
niques described here may need to account for this “smearing” ef-
fect, possibly by performing an analysis using a resolved portion of
the solar disk [where, then, the relevant angular size is determined
by the pixel or instrument field of view; see, e.g., (31, 32)].

Refraction Effects. Refraction has two key effects on occultation
observations. The first, and most familiar, is the bending of a light
ray as it passes through the atmosphere. This effect is characterized
by the refraction angle, ω, which is the angle between the original
ray path and the exit path. Generally, the refraction angle is a
function of wavelength (due to the wavelength-dependent index of
refraction of the atmosphere), and causes a distinction between
a ray’s impact parameter, b, and its distance of closest approach to
the planet, rmin. These parameters are all shown in Fig. 1. Re-
fraction is most pronounced for rays that pass near the surface,

Fig. 1. Geometry and parameters relevant to occultation and transit. In
occultation, rays enter from the right, with impact parameter b, are bent by
atmospheric refraction through an angle ω, and have a distance of closest
approach rmin. In transit, rays follow the opposite trajectory. Note also the
planetary radius, Rp, the radial coordinate, r, the corresponding vertical
height coordinate, z= r −Rp, and the polar angle, ϕ.

Table 1. Parameters for Titan solar occultation measurements

Date Cassini flyby Season Latitude D (km) Resolution (km)

Jan. 2006 T10 N winter 70°S 8,300 15
Apr. 2009 T53 Equinox 1°N 6,300 7
Sep. 2011 T78 N spring 40°N 9,700 10
Sep. 2011 T78 N spring 27°N 8,400 10

N, northern.

Fig. 2. Wavelength-dependent transmission through Titan’s atmosphere
from the 27° N occultation. The vertical axis is the ray’s altitude of closest
approach, where an altitude of 0 corresponds to the planetary surface, at
a radius of Rp = 2,575  km. Darker shades indicate lower transmission, and
noise can be seen at transmission values very near to 1 and at wavelengths
beyond about 4.5 μm.
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where molecular number densities are large. Note, however, that
for Titan, strong attenuation by atmospheric haze particles at
visible and near-infrared wavelengths largely limits sensitivity to
the deep portions of the atmosphere where refractive bending of
light rays is most significant.
The second key refractive effect is an apparent brightness loss,

which is present even in the absence of molecular and aerosol
attenuation (24, 26). This loss can be thought of as an apparent
shrinking of the solar/stellar disk in the vertical direction or,
equivalently, a spreading of rays from the source (33). Here,
brightness is diminished by a wavelength-dependent factor, fref ,
which is given by

fref =
1

1+Ddω=drmin
: [1]

To model these two effects, we use a ray tracing scheme de-
scribed by van der Werf (34), which concisely outlines an accurate,
fourth-order Runge–Kutta integration algorithm for tracking rays
through an atmosphere. The primary inputs to this model are
profiles of atmospheric density and composition, as well as the
refractive indexes of the major atmospheric constituents (which
are, generally, wavelength dependent). For Titan, we elect to use
standard model profiles of atmospheric molecular number den-
sity and composition (35), as localized structure in measured pro-
files can lead to spurious features in our refraction calculations. Our
refraction models only include molecular nitrogen and methane
in our computations, as these are the only major atmospheric
constituents. Finally, we use a measured, wavelength-dependent
refractivity for molecular nitrogen (36) and a refractive index for
methane of 1.0004478 (37), although our calculations are largely
insensitive to this value due to the low mixing ratio of methane in
the atmosphere.
By tracing rays on a fine grid of impact parameters (1-km

vertical resolution from 0 to 1,500 km), we determine the rela-
tions between the impact parameter, altitudes of closest ap-
proach (zmin = rmin −Rp), refraction angle, and the refractive loss
factor fref . Our computed values are only weak functions of
wavelength, as the refractivity of molecular nitrogen changes by
less than 1% over the wavelength range of interest. Fig. 3 shows

profiles of these parameters as a function of their altitude of
closest approach, and demonstrates that, for our purposes, re-
fraction effects are only important in the lowest 100 km of the
atmosphere.
We note that refraction can also influence exoplanet transit

observations under conditions where atmospheric opacity does
not preclude light rays from reaching the deeper regions of an
atmosphere. Here, the finite size of the host star paired with the
geometry of refraction may prevent rays from probing altitudes
below some critical height in the lower atmosphere (38). In ad-
dition, the transit signal may increase or decrease slightly due to
the competing effects of refraction bending rays perpendicular to
the limb while also focusing rays from within the planet’s shadow
toward the observer (39–41).

Computing Transit Spectra. We define the transmission corrected
for refractive losses at an impact parameter bi as tλ;i′ = tλ;i=fref;i
(where a subscript ‘i’ references the vertical gridding of the ob-
served transmission spectra). These can be converted into a transit-
radius spectrum by considering the attenuation produced by con-
centric annuli above Titan’s surface. An annulus has thickness
πðb2i+ 1 − b2i Þ, and we can define an effective transit radius as (42):

R2
eff;λ =R2

top −
XN
i=1

�
tλ;i+1′ + tλ;i′

2

��
b2λ;i+1 − b2λ;i

�
; [2]

where Rtop =Rp + zatm is the radial distance to the top of the
atmosphere, whose altitude (zatm) is large enough that atmo-
spheric extinction and refraction are assumed to be negligible.
We also define an effective transit height as zeff;λ =Reff;λ −Rp,
which is useful for identifying where in the atmosphere a given
wavelength is probing. Finally, note that the transit depth is pro-
portional to R2

eff;λ, or, equivalently, ðzeff;λ +RpÞ2.
Transit Radius Spectra
Fig. 4 shows the effective transit height, zeff;λ, for all four oc-
cultation datasets. Error bars (1 − σ) are shown where the errors
are larger than 1% of the transit height, and key absorption
features are identified. In general, errors tend to be large beyond
about 4 μm, where the solar flux is relatively weak.
The most obvious features are the methane bands at 1.2, 1.4,

1.7, 2.3, and 3.3 μm. Weak absorption due to acetylene (C2H2)

Fig. 3. Profiles of the impact parameter, b, refraction angle, ω, and the
refractive loss factor, fref, from our Titan ray-tracing model. The vertical
coordinate is the ray’s altitude of closest approach, zmin. Parameters are
shown for a wavelength of 5 μm, where Titan’s atmospheric haze is least
opaque, and we use a distance, D, from the spacecraft to Titan of 8,400 km,
appropriate for the 27° N occultation, when computing the refractive loss.
The dotted line plots along the diagonal, and shows that the impact pa-
rameter is always larger than the distance of closest approach.

Fig. 4. Spectra of effective transit height, zeff,λ =Reff,λ −Rp, for all four
Cassini/VIMS occultation datasets. Key absorption features are labeled, and
error bars are shown only where the 1 − σ uncertainty is larger than 1%. Our
best-fit haze model for the 70° S dataset is shown (dashed line).
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can be seen near 3.1 μm. The 3.3-μm methane band is blended
with other features, including the C-H stretching mode of ali-
phatic hydrocarbon chains appears near 3.4 μm (22, 30). An
absorption feature of carbon monoxide, which forms from oxy-
gen ions that precipitate into Titan’s upper atmosphere and react
with hydrocarbon species (43), appears near 4.6 μm, although
data are particularly noisy here. Finally, additional absorption
has been noted in the 2.3- and 3.3-μm methane bands (22, 30),
which is due to other yet unknown species.
What is possibly the most interesting aspect of these spectra is

the wavelength-dependent slope of the continuum between the
methane bands. When observed across the full wavelength range,
this slope produces a transit height variation that is comparable
to, or larger than, the gaseous-absorption features. Assuming
that the continuum is set by haze extinction, which shall be ar-
gued later, then the differences between the continuum levels for
the four different datasets are related to different haze dis-
tributions (both vertically and in particle size) at the different
latitudes/times of observation. This is consistent with Titan’s
known hemispherical asymmetry (44), which may be caused by
seasonally varying atmospheric circulation patterns (45). Note
that methane clouds in Titan’s atmosphere are found below
about 30-km altitude (46), and do not affect our transit spectra,
which probe much higher altitudes.
Finally, Fig. 5 demonstrates an “average” transit spectrum for

Titan, shown as effective transit height and, as an example, as the
transit-depth signal for Titan crossing the solar disk. To obtain
this result, we performed a weighted average of the four in-
dividual spectra in Fig. 4. The weights were determined from the
latitude distribution of the individual spectra, assuming that the
70°S spectrum is representative of latitudes between the south
pole and midway to the 1°N spectrum, that the 1°N spectrum is
representative of latitudes midway between the 70°S spectrum
and the 27°N spectrum, and so on. Using these weights, we
combine the spectra in R2

eff;λ, which is proportional to the transit
depth signal. Although this weighted averaging is somewhat
crude, as it ignores variations in longitude and time, the goal is
only to produce a characteristic spectrum.
SDs computed by comparing our characteristic spectrum to

the individual spectra are shown as a shaded swath in Fig. 5. The
deviations are small near the peaks of methane bands, which probe
higher in the atmosphere and are less sensitive to variations in the

haze continuum levels. At wavelengths dominated by haze opacity,
although, the deviation is much larger. Clearly future occultation
measurements could help to better understand latitudinal and
seasonal effects on our transit spectra, thus improving our char-
acteristic spectrum.

A Simple Haze Extinction Model
To investigate the source and behavior of the continuum in our
transit height spectra, we derived an analytic model of extinction by
an opacity source that is distributed vertically in the atmosphere
with scale height Ha, and whose absorption cross-section, σλ varies
according to a power law in wavelength, with σλ ∝ λβ. Ignoring re-
fraction effects, which are negligible at most altitudes probed by our
spectra, the wavelength-dependent optical depth through the at-
mosphere for a given impact parameter is (Appendix)

τλ = 2τ0

�
λ

λ0

�β b
Ha

K1

�
b
Ha

�
eðRp+z0Þ=Ha ; [3]

where τ0 is a reference optical depth at altitude z0, and KnðxÞ is
a modified Bessel function of the second kind. With this model,
a transit spectrum can be generated by finding the value of the
impact parameter where τλ ≈ 1, which requires solving a transcen-
dental expression.
We fit our analytic model to the continua in the 70°S spectrum

(selected since this dataset has been previously analyzed), and in
the characteristic spectrum, which are shown in Figs. 4 and 5,
respectively. The free parameters in this fit are the haze-scale
height, Ha, the reference optical depth, τ0, and the exponent in
the cross-section power law, β. For the 70°S dataset, we find
Ha = 58± 7  km, τ0 = 0:9± 0:2 (at λ0 = 0:5  μm and z0 = 200  km,
which we will use hereafter), and β=−2:2± 0:2. For the charac-
teristic spectrum, we find Ha = 55± 8  km, τ0 = 0:8± 0:4, and
β=−1:9± 0:2. Note that the slope of our power law is not due to
pure Rayleigh scattering, which would have β=−4. Instead it is
due to the complexities of haze particle scattering between the
limits of pure Rayleigh scattering and geometric optics.
Our parameters are in excellent agreement with in situ mea-

surements reported by Tomasko et al. (47), who found Ha = 65  km
(with an uncertainty of 20 km), τ0 = 0:76, and β=−2:33 above
80-km altitude . For further comparison, Bellucci et al. (22), in
their analysis of the 70°S occultation, found Ha = 55� 79  km,
β=−1:7� 2:2 between 120- and 300-km altitude, and τ0 ∼ 0:6.
Finally, Hubbard et al. (48), in their analysis of stellar occulta-
tions by Titan’s atmosphere, found β=−1:7± 0:2. These compar-
isons strongly support our conclusion that the continuum level in
our transit spectra is set by Titan’s high-altitude haze.

Implications
The transit spectra shown in Figs. 4 and 5 demonstrate that high-
altitude hazes could have complex and important effects on
exoplanet observations. Note that our data span wavelengths
that are nearly identical to (or larger than) the spectral coverage
of the Near InfraRed Camera, Near InfraRed Spectrograph, and
the Near InfraRed Imager and Slitless Spectrograph instruments
that will launch aboard NASA’s James Webb Space Telescope.
Thus, the spectra presented here indicate the types of haze
effects that this mission may observe for transiting exoplanets.
For Titan, the haze continuum slope is strongly wavelength

dependent, and is certainly not flat. This is contrary to what is
commonly assumed in simple transit spectra models. Clearly this
continuum slope is of first-order importance, as the magnitude of
the transit height variations caused by the haze continuum is just
as large as the observed gaseous absorption features.
Our transit spectra also show that haze opacity obscures

information from the deep atmosphere, limiting the pres-
sures probed to above ∼ 0:1 mbar at the shortest wavelengths,

Fig. 5. Characteristic transit spectrum for Titan showing both the signal for
Titan transiting the Sun (left y axis) and the effective transit height (right
y axis), assembled as a weighted mean of the four spectra in Fig. 4. The shaded
region indicates uncertainty in our averaging, and is due to deviations from
the mean in the four individual transit spectra. A best-fit haze model is
shown (dashed).
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and ∼ 10 mbar at the longest wavelengths. Even at the longest
wavelengths, the altitudes probed are still 2–3 pressure-scale
heights above the surface. Furthermore, at most continuum
wavelengths in our spectra, haze limits sensitivity to pressures
lower than (i.e., altitudes above) the ∼ 1 mbar level, with this
effect becoming more severe at shorter wavelengths. Thus, it is
empirically possible for high-altitude hazes to strongly limit the
planetary characteristics that can be inferred from transit spec-
tra, despite what others have claimed (49). To further clarify this
issue, it would be a very useful exercise to challenge current
exoplanet retrieval models (50–53) with our Titan transit spectra,
with the goal of improving our ability to understand and in-
terpret transit observations of hazy exoplanets.
Looking to wavelengths beyond those analyzed here, we note

that haze opacity effects in transit will become negligible in the
midinfrared, where refraction and gas absorption will then play
a key role in limiting sensitivity to the lower atmosphere. How-
ever, haze extinction will have much more dramatic effects
at UV and visible wavelengths, where Titan’s haze particles
are strongly absorbing (47). This will make Rayleigh scattering
effects undetectable—a ray passing through the atmosphere with
a tangent height of ∼ 300  km (which is optimistic, as this is ap-
propriate for the shortest wavelengths discussed here, not UV/
visible wavelengths) will encounter 1020 molecules per square
centimeter, which is not optically thick to Rayleigh scattering by
molecular nitrogen except at extreme UV wavelengths (∼ 40  nm)
and shorter. Thus, Rayleigh scattering slopes in transit spectra,
which have been proposed for constraining partial pressures due
to spectrally inactive gases (52), may not be accessible in hazy
atmospheres.
Recently, the 6-Earth-mass transiting planet GJ 1214b (54)

has been the target of many observational campaigns to char-
acterize the nature of its atmosphere (5, 55, 56). This is the
smallest planet with transit spectra observations, which appear to
be flat at the 30-ppm level from 1.1 to 1.7 μm (57), and this trend
may extend to 5 μm (58). A Titan-like haze has been proposed as
a viable explanation for these observations (17–19), and the data
constrain this haze to be above the 10−1 � 10−2 mbar level, de-
pending on atmospheric composition (57). Although the methane
concentration in the atmosphere of GJ 1214b is unknown, the
high-altitude haze interpretation is not entirely consistent with
the observations presented here. Extending Titan’s haze to the
aforementioned low pressures would mask the methane features,
but still would not produce a flat spectrum due to the wavelength-
dependent haze opacity. Thus, a Titan-like haze on GJ 1214b would
need to contain a continuum of effective particle radii that extends
to sizes larger than is seen for Titan [the haze particles of which
have a characteristic size of about 1–2 μm (47), and are aggregates
of smaller-sized monomers], as larger particles would tend to pro-
duce a flatter spectrum. However, these larger-sized particles may
be rather difficult to keep aloft at such low pressures (59), especially
given that the gravitational acceleration for GJ 1214b is nearly an
order of magnitude larger than that in Titan’s upper atmosphere.

Conclusions
We developed a technique for adapting occultation measure-
ments of solar system worlds into transit radius spectra suitable
for model validation and comparison with exoplanet observations.
We applied this technique to Titan, deriving realistic spectra that
inherently include effects due to gas absorption, refraction, and
haze scattering, and used these spectra to better understand the
effects of high-altitude hazes on transit observations. Absorption
features due to methane are clearly visible, and weaker features
due to acetylene, carbon monoxide, and a C-H stretching mode of
aliphatic hydrocarbon chains.
The continuum level in our spectra is set by Titan’s extensive

haze, and is well reproduced by an analytic haze extinction
model derived here. Haze has a dramatic effect on the transit

spectra, limiting sensitivity to pressures smaller than 0.1–10 mbar,
depending on wavelength. Extinction from the haze imparts a
distinct slope on the transit radius spectra, the magnitude of which
is comparable to that of the strongest gaseous absorption bands.
Thus, haze substantially impacts the amount of information that
can be gleaned from transit spectra.
We note that the techniques used here apply equally well to

occultation observations taken from orbit around any world. Thus,
there are opportunities to empirically study the tenuous, dusty
atmosphere of Mars (32) and the atmosphere of Saturn (60) in the
context of exoplanet transit spectroscopy. Of course, numerous
occultation observations exist for Earth (31), which could be used
to derive a transit spectrum of the only known habitable planet.
Finally, our understanding of how hazes influence transit spectra
of Titan could be greatly improved by acquiring additional oc-
cultation observations in a Cassini extended mission.

Appendix
Given the extinction coefficient, αλ = naσλ, where na is the absorber
number density and σλ is the wavelength-dependent absorption
cross-section, the optical depth is determined by the integral

τλ =
Z

naσλds; [4]

where integration proceeds along a ray’s path shown in Fig. 1.
Ignoring refraction, we have ds= ðRp + zÞdϕ=sinðϕÞ and Rp + z=
b=sinðϕÞ, so that

τλ = 2
Zπ=2
0

b

sin2ðϕÞ naσλdϕ; [5]

where we have exploited the symmetry about ϕ= π=2. If the
absorber is distributed with a scale height Ha, with na = na0
exp½−ðz− z0Þ=Ha�, where na0 is the number density at the altitude
z0, and assuming that the absorption cross-section is a power law
in wavelength, σλ = σλ0ðλ=λ0Þβ, where λ is wavelength, σλ0 is the
fiducial value at λ0, and β defines the slope of the power law, we
then have

τλ = 2τ0

�
λ

λ0

�β b
Ha

e
Rp+z0
Ha

Zπ=2
0

e−b=Ha sinϕ

sin2ðϕÞ dϕ; [6]

where τ0 = na0σλ0Ha is a reference vertical optical depth. Making
the substitution coshðyÞ= 1=sinðϕÞ, we have

τλ = 2τ0

�
λ

λ0

�β b
Ha

e
Rp+z0
Ha

Z∞
0

coshðyÞe− b coshðyÞ
Ha dy; [7]

which has the analytic solution given by Eq. 3. Note that, for
large b=Ha, we have K1ðb=HaÞ∼

ffiffiffiffiffiffiffiffi
π=2

p
expð−b=HaÞ=

ffiffiffiffiffiffiffiffiffiffiffi
b=Ha

p
, so

that Eq. 3 gives

τλ ∼ τ0

�
λ

λ0

�β
ffiffiffiffiffiffiffiffi
2πb
Ha

s
e−ðb−Rp−z0Þ=Ha ; [8]

which is in agreement with Fortney (9).
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