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Strictly speaking, the laws of the conventional statistical physics,
based on the equipartition postulate [Gibbs J W (1902) Elementary
Principles in Statistical Mechanics, developed with especial reference to the rational foundation of thermodynamics] and ergodicity hypothesis [Boltzmann L (1964) Lectures on Gas Theory], apply
only in the presence of a heat bath. Until recently this restriction
was believed to be not important for real physical systems because a weak coupling to the bath was assumed to be sufficient.
However, this belief was not examined seriously until recently
when the progress in both quantum gases and solid-state coherent quantum devices allowed one to study the systems with dramatically reduced coupling to the bath. To describe such systems
properly one should revisit the very foundations of statistical mechanics. We examine this general problem for the case of the
Josephson junction chain that can be implemented in the laboratory and show that it displays a novel high-temperature
nonergodic phase with finite resistance. With further increase
of the temperature the system undergoes a transition to the
fully localized state characterized by infinite resistance and
exponentially long relaxation.
ergodicity

| Josephson array | localization

Downloaded by guest on November 30, 2020

T

he remarkable feature of the closed quantum systems is the
appearance of many-body localization (MBL) (1): Under
certain conditions the states of a many-body system are localized
in the Hilbert space resembling the celebrated Anderson localization (2) of single particle states in a random potential. MBL
implies that macroscopic states of an isolated system depend on
the initial conditions (i.e., the time averaging does not result in
equipartition distribution and the entropy never reaches its
thermodynamic value). Variation of macroscopic parameters
(e.g., temperature) can delocalize the many-body state. However, the delocalization does not imply the recovery of the
equipartition. Such a nonergodic behavior in isolated physical
systems is the subject of this paper.
We argue that regular Josephson junction arrays (JJAs) under
the conditions that are feasible to implement and control experimentally demonstrate both MBL and nonergodic behavior.
A great advantage of the Josephson circuits is the possibility to
disentangle them from the environment, as was demonstrated by
the quantum information devices (3). At low temperatures the
conductivity σ of JJA is finite (below we call such behavior metallic), whereas as T → 0 JJA becomes either a superconductor
ðσ → ∞Þ or an insulator ðσ → 0Þ (4, 5). We predict that at a
critical temperature T = Tc JJA undergoes a true phase transition
into an MBL insulator (σ = 0 for T > Tc). Remarkably, already in
the metallic state JJA becomes nonergodic and cannot be
properly described by conventional statistical mechanics.
In the bad metal regime the dynamical evolution starting from
a particular initial state does not lead to the thermodynamic
equilibrium, so that even extensive quantities such as entropy
differ from their thermodynamic values. Starting with the seminal paper of Fermi et al. (6) the question of nonergodicity in
nonintegrable systems was extensively studied (7). However, the
difference between the long time asymptotics of the extensive
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quantities and their thermodynamic values was not analyzed to the
best of our knowledge. We believe that the behavior of JJA that we
describe here can be observed in a variety of nonlinear systems.
JJA is characterized by the set of phases fϕi g and charges fqi g
of the superconducting islands, ϕi and qi for each i are canonically conjugated. The Hamiltonian H is the combination of the
charging energies of the islands with the Josephson coupling
energies. Assuming that the ground capacitance of the islands
dominates their mutual capacitances (this assumption is not
crucial for the qualitative conclusions) we can write H as

X1


[1]
EC q2i + EJ 1 − cosðϕi − ϕi+1 Þ .
H=
2
i
The ground state of the model Eq. 1 is determined by the ratio
of the Josephson and charging energies, EJ =EC, that controls
the strength of quantum fluctuations: JJA is an insulator at
EJ =EC < η and a superconductor at EJ =EC > η (4, 5) with η ≈ 0.63
(Supporting Information, section 1 and Fig. S1). The quantum
transition at EJ =EC = η belongs to the Berezinsky–Kosterlitz–
Thouless universality class (8). Away from the ground state in
addition to EJ =EC there appears dimensionless parameter U=EJ ,
where U is the energy per superconducting island (U = T in the
thermodynamic equilibrium at T  EJ ).
The main qualitative finding of this paper is the appearance of
a nonergodic and highly resistive “bad metal” phase at high
temperatures, T=EJ > 1, which at T ≥ Tc ≈ E2J =EC undergoes the
transition to the MBL insulator. In contrast to the T = 0 behavior, these results are robust (e.g., they are insensitive to the
presence of static random charges). The full phase diagram in
the variables EJ =EC, T=EJ is shown in Fig. 1. We confirmed
numerically that the bad metal persists in the classic (EJ  EC)
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Qualitative Arguments for MBL Transition
In a highly excited state U  EJ the charging energy dominates:
EC q2 ∼ U  EJ . Accordingly, the value of the charge, jqi j, and
charge difference onpneighboring
sites, δqi = qi − qi+1 , are of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
energy
cost of a unit charge
the order of q ∼ δq ∼ U=EC. The
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
transfer between two sites δE ∼ U Ec exceeds the matrix element of the charge transfer, EJ =2, as long as U  UMBL = E2J =EC.
According to refs. 1 and 2 the system is a nonergodic MBL insulator under this condition. Thus, we expect the transition to
MBL phase at Tc =EJ ∝ EJ =EC with the numerical prefactor close
to unity, as follows from the computation presented in Supporting
Information, section 2 and Fig. S2. This computation also shows
that resistivity is indeed infinite in this phase, contrary to the
statement of work (11) that true MBL transition is impossible in
translationally invariant systems.
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Fig. 1. Phase diagram of 1D Josephson junction array. The MBL phase
transition separates the nonergodic bad metal with exponentially large but
finite resistance from the insulator with infinite resistance. Cooling the
nonergodic bad metal transforms it into a good ergodic metal. The points
show approximate positions of the effective T =EJ for the quantum problem
with a finite number of charging states. In bad metal as well as in insulator
the temperature is ill-defined. So, Teff should be understood as the measure
of the total energy of the system. The red stars indicate insulator, blue circles
bad metal, and squares good metal. The dashed line shows the estimate of
MBL for large EJ =EC discussed in the text. The superconductor is formed at
T = 0 at EJ =EC > 0.62, as indicated by the thick blue line. This phase diagram is
not sensitive to the presence of disorder for T J EC .
Pino et al.

d 2 ϕi
= sinðϕi+1 − ϕi Þ + sinðϕi−1 − ϕi Þ.
dτ2

[2]

Here i = 1, . . . , L and the boundary conditions are ϕ0 = ϕL+1 = 0.
The ergodicity of this classic problem was discussed in ref. 14;
however, the available time scales were too short to make
convincing conclusions.
We solve Eq. 2 for the various initial conditions corresponding to
a given total energy and compute the energy US contained in a part
of the whole chain of the length 1  l  L as a function of τ.
The ergodicity implies familiar thermodynamic identities;
for example

.
US2 − hUS i2 T 2 = dhUS i=dT.
[3]
This relation between the average energy of the subsystem, hUS i,
and its second moment hUS2 i turns out to be invalid for a bad
metal. To demonstrate this we evaluated the average energy per
site in this subsystem, u = hUS iτ =ðEJ lÞ, and the temporal fluctuations of this energy, wτ = ðhUS2 iτ − hUS i2τ Þ=ðE2J lÞ. Here h. . .iτ and
the bar denote correspondingly averaging over the time and over
the ensemble of the initial conditions. (Given the evolution time
τav h. . .iτ averaging means averaging over the time interval τev
after initial evolution for time τev.)
From Eq. 1 it follows that u = T=ð2EJ Þ at T  EJ [uðTÞ-function
is evaluated for arbitrary T=EJ in Supporting Information, section 3].
One can thus rewrite Eq. 3 as
w=

Insulator

1.0

If EJ =EC  1 and U ∼ T  EJ the conductivity limited by
thermally activated phase slips is exponentially large, σ ∼ expðEJ =TÞ
(12, 13). As we show below, at T  EJ in the metallic phase conductivity is exponentially small, σ ∼ expð−T=EJ Þ, even far from the
transition, EJ  T  E2J =EC. The resistance in this state can exceed RQ = h=ð2eÞ2 dramatically and still display the “metallic”
temperature behavior (dR=dT > 0) (see Fig. 3).
Classical regime is realized at EC → 0 for fixed EJ and T. One
can express
the chargep
ofﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an island
q through the dimensionless
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
time τ = EJ EC t as q = EJ =EC dϕ=dτ. Because q ∼ T=EC  1,
one can neglect the charge quantization and use the equations
of motion

T 2 du
≈ 2u2 .
EJ dT

[4]

Results of the numerical solution of Eq. 2 are compared with
Eq. 3 in Fig. 2. For any given evolution time, τev, the computed
wτ ðuÞ- dependence saturates instead of increasing as u2 (Eq. 4).
At a fixed u, wτ ðuÞ increases with time extremely slowly. Below
we argue that wτ ðuÞ does not reach its thermodynamic value even
at τ → ∞. Violation of the thermodynamic identity implies that
temperature is ill-defined, so the average energy u rather than T
is the proper controlR parameter. The effective temperature, deu
fined as Tp ðuÞ = EJ = 0 du=wðuÞ, is shown in Fig. 2, Inset.
Qualitative Interpretation
Large dispersion of charges on adjacent islands, i, i + 1 at u  1,
implies quick change of the phase differences, ϕi − ϕi+1, with
time. Typical current between the two neighbors EJ sinðϕi − ϕi+1 Þ
time-averages almost to zero. However, accidentally the frequencies, ωi = dϕi =dt, get close. In the classical limit the difference ωi − ωi+1 can be arbitrary small. Such pair of islands
is characterized by one periodic in time phase difference.
Contrarily, three consecutive islands with close frequencies
jωi − ωi+1 j ∼ jωi − ωi−1 j K 1 experience chaotic dynamics that
contains arbitrary small frequencies, similarly to work (15).
For uncorrelated frequencies with variances u  1, a triad of
PNAS | January 19, 2016 | vol. 113 | no. 3 | 537
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limit although Tc → ∞; it is characterized by the exponential
growth of the resistance with T and violation of thermodynamic
identities. We support these findings by semiquantitative theoretical arguments. Finally, we present the results of numerical
diagonalization and tDMRG [time density matrix renormalization group (9)] of quantum systems that demonstrate both the
nonergodic bad metal and the MBL insulator.
It is natural to compare the nonergodic state of JJA with a
conventional glass characterized by infinitely many metastable
states. The glass entropy does not vanish at T = 0, that is, when
heated from T = 0 to the melting temperature the glass releases
less entropy than the crystal [Kauzmann paradox (10)]. Similarly
to glasses JJA demonstrates nonergodic behavior in both quantum
and classical regimes. However, the ergodicity violation emerges
as high rather than low temperatures transforming the Kauzmann
paradox that arises at low temperatures into an apparent temperature divergence at high temperatures (discussed below).
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Fig. 2. Energy fluctuations as a function of average energy per island for
different evolution times (τev = 1, 2, 4, 8,16 × 104) in a small subsystem
(Lsub = 0.1 − 0.2L) located in the center of the system; the dashed line is the
extrapolation to infinite times as explained in the text. A single point (red)
obtained by direct computations up to τev = 2106 at which timescales the
time dependence practically disappears for L K 100. The upper (red) curve
corresponds to the thermodynamic identity Eq. 3. (Inset) The effective
temperature defined by the energy fluctuations determined at different
timescales: τev = 2,4,8 × 104 (T1 − T3, respectively) and by their extrapolation
to infinite times (T*), their comparison with the temperature expected in
thermodynamic equilibrium, TTh.

islands ði − 1, i, i + 1Þ is chaotic with the probability 1=u  1, that is,
such triads are separated by large quiet regions of a typical size
rt ∼ u  1. The low-frequency noise generated by a chaotic triad
decreases exponentially deep inside a quiet region. Provided that
ω  ωi+m
R , m = 0 . . . r the superconducting order parameter
zi ðωÞ = dτ expðiϕi + iωτÞ at site i satisfies the recursion relation
zi+r ðωÞ = zi ðωÞ

r −1
Y

1
,
2
2ω
i+m
m=0

[5]

which implies the log-normal distribution for the resistances
Rj, j+r of quiet regions (Supporting Information, section 4):
ln2 ðR=Rt Þ = ln Rt

[6]

ln Rt = hln Ri = u lnðuÞ,

[7]

where Rt is the typical resistance of a quiet region. The resistance
of the whole array is the sum of the resistances of the quiet
regions. The mean number of these regions in the chain equals
to N = L=rt  1, its fluctuations being negligible. For the lognormal distribution the average resistance of a quiet region, hRi,
3=2
is given byhRi = Rt . For the resistivity, ρ, we thus have
3=2
ρ = NhRi=L = Rt =rt. According to Eq. 7
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3
ln ρrt ≈ ðγ + ln uÞrt ≈ uðln u + γÞ,
2

[8]

where γ = 0.577 is Euler constant.
To determine the current caused by voltage V across the chain
we solved Eq. 2 with modified boundary conditions, ϕ0 = 0,
ϕL+1 = Vt. The results confirm the prediction Eq. 8 (Fig. 3). The
range of the resistances set by realistic computation time is too
small to detect the logarithmic factor in Eqs. 7 and 8; however, a
relatively large slope, d ln ρ=du ≈ 3.0, at u = 3.5 is consistent with
Eq. 8 that gives dlnρ=du ≈ 2.5 + 1.5 ln u − 1=u.
The qualitative picture of triads separated by log-normally
distributed resistances of silent regions allows one to understand
538 | www.pnas.org/cgi/doi/10.1073/pnas.1520033113

the long time relaxation of wτ ðuÞ in the subsystem of length l
(Fig. 2). Each resistance can be viewed as a barrier with a tunneling rate ∼ 1=R. For a given time τ the barriers with τ  R can
be considered impenetrable, whereas the barriers with τ  R can
be neglected. As a result, the barriers with R ≥ τ break the system
into essentially independent quasiequilibrium regions (QER) of
the typical size

 2
rt
ln ðτ=Rt Þ
lτ ∼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
.
[9]
2 ln Rt
2π ln Rt
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
If l  rt and τ K exp½ lnðl=rt Þln Rτ  the subsystem contains
lτ =l  1 QER, so that w ∝ lτ =l. At longer times, lτ  l, the subsystem is in equilibrium with a particular QER and w ∝ l=lτ. The
full dependence on time can be interpolated as
w∞
,
[10]
1 + β expð−α ln2 ðτ=τ0 ÞÞ
pﬃﬃﬃﬃﬃﬃﬃﬃ
where α = ð2 ln Rt Þ−1, β = π=αðl=rt Þ and τ0 = Rt.
The numerical simulations confirm that the energy variance w
relaxes in agreement with Eq. 10 as shown in Fig. 4. The best fit to
Eq. 10 yields parameters close to the expected, ln Rt = ln ρðuÞrt,
rt ≈ u. Extrapolation to inifinite times and sizes gives w∞ ð∞Þ ≈ 10.0
of w∞ ðlÞ to large l, which is significantly smaller than thermodynamic value wTh = 14.0 at u = 3.5.
Another test of the ergodicity follows from the fluctuationdissipation theorem (FDT) that relates conductivity and current
fluctuations. In the low frequency limit the noise power spectrum
is Sðω → 0Þ = 2Teff =R, where Teff is the effective temperature
(Fig. 5), which we extracted from the numerical data. We found
that Teff > TTh for u J 1, where TTh is thermodynamic temperature. In particular, Teff ≈ 1.6TTh for u = 3.5, which is close to
Tp ðuÞ shown in Fig. 2, Inset. Note that both the energy and
current fluctuations are less than expected in equilibrium.
wτ =

Quantum Behavior
In contrast to a classical limit EC → 0 in the quantum regime
EC > 0 we expect at T = Tc a MBL phase transition between two
nonergodic states: the insulator (ρ = ∞) and a bad metal (ρ < ∞).
For EJ  EC the bad metal can be described classically at
T  Tc ∼ E2J =EC. Our previous discussion suggests that the bad
metal is nonergodic in a broad range of the parameters, T=EJ
and EJ =EC. To verify this conjecture numerically we reduced the
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Fig. 3. Resistivity as a function of the internal energy. At high energies
resistivity is exponentially large due to large regions of almost frozen
charges (discussed in the text). (Inset) At low energies (temperatures) exponentially large conductivity is limited by exponentially rare phase slips.
High u points require computation times τev ∼ 108 .
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Fig. 4. Time dependence of energy fluctuations for the subsystems of different sizes l = 10, 20, 40, 80 (left to right) and their fits to log-normal law Eq.
10. The length of the full system was L = 5l. The best fit shown here corresponds to the value α = 0.05, β=l = 1.0 − 1.5 and ln τ0 ≈ 3.0 − 4.5. The values for
larger sizes (β=l ≈ 1 and ln τ0 ≈ 4.5) agree very well with the ones expected for
Rt obtained in the computation of the resistance at u = 3.5 : ln Rt ≈ 5.0. This
yields rt ≈ 5.0, β=l ≈ 1.1 and ln τ0 ≈ 5.0.

Hilbert space of the model Eq. 1 to a finite number of charging
states at each site, qi = 0, ± 1, ± 2 (RHS model). We analyzed
the time evolution of entanglement entropy, SfΨg, of the left half
of the system. The entropy was averaged over the initial states
from the ensemble of product states in the charge basis,
St ðLÞ ≡ hSfΨgiΨin that correspond to zero total charge. As a
result, we obtained the Gibbs entropy at T = ∞ [all states have
the same weight expð−H=TÞ ≡ 1].
Fig. 6, Inset shows the time dependence of the entropy at
EJ =EC = 0.3 that corresponds to the bad metal regime (discussed
below). A slow saturation of the entropy follows its quick initial
increase. It is crucial that the saturation constant, S∞ ðLÞ, is significantly less than its maximal value, STh ðLÞ = L ln 5 expected at
T = ∞ equilibrium. Furthermore, dS∞ ðLÞ=dL < ln 5, indicating that
S∞ − STh is extensive and the system is essentially nonergodic.
Fig. 6 presents S∞ as a function of EJ =EC. Note that S∞ is
measurably less than STh for EJ =EC < 0.6 − 1. For EJ =EC  1, the
entropy saturation is quick, and the accuracy of the simulations
does not allow us to distinguish S∞ from STh (see Figs. S3 and
S4). We thus are unable to conclude whether the system is truly
ergodic or weakly nonergodic at EJ =EC  1. The former behavior would imply a genuine phase transition between bad and
good metals, whereas the latter corresponds to a cross-over.
Deep in the insulator the time dependence of the entropy is
extremely slow, roughly linear in ln t in a wide time interval
(Supporting Information, section 5). This resembles the results of
the works (16, 17) for the conventional disordered insulators.
The extremely long relaxation times can be attributed to rare
pairs of almost degenerate states localized within different halves
of the system. The exponential decay with distance of the tunneling amplitude that entangles them leads to the exponentially
slow relaxation.
To locate the MBL transition we analyzed the time dependence of the charge fluctuations. In a metal the charge fluctuations relaxation rate depends weakly (as a power law) on the
sample size, in contrast to the exponential dependence in the
insulator. Comparing the dependencies of the rates on the system size for different EJ =EC (Fig. 7) we see that the transition
happens in the interval 0.05 < EJ =EC < 0.3.
The variances of the charge in the RHS model at T = ∞ and in
the problem Eq. 1 at finite T coincide at T = 2EC. Thus, we expect that the results of the quantum simulations describe the
behavior of the model Eq. 1 at T=EJ ∼ EC =EJ yielding the
Pino et al.

Fig. 5. Spectrum of current noise fluctuations, SðωÞ for different internal
energies, U = 2.5, 3.0, 3.55. The dashed line shows SðωÞ ∼ ω1=2 dependence.
(Inset) The effective temperature determined from FDT relation.

hyperbola shown in Fig. 1. The MBL transition at EJ =EC ∼ 0.2 in
T = ∞ RHS model corresponds to the transition temperature
Tc ∼ 10EJ in model Eq. 1. The transition line shown in Fig. 1 is a
natural connection of this point with Tc ≈ E2J =EC asymptotic at
EJ =EC  1, discussed above. The maximum of the transition
temperature is natural. Indeed, at EJ < EC the charge fluctuates
weakly at low T, in the opposite limit EJ < EC the phase is welldefined, whereas at EJ ∼ EC the quantum fluctuations are largest.
Possible Experimental Realization
MBL and the violation of the ergodicity can be observed only at
sufficiently low temperatures when one can neglect the effects of
thermally excited quasiparticles that form the environment to
model Eq. 1. This limits temperatures to T K 0.1Δ, where Δ is
the superconducting gap. To explore the phase diagram one
has to vary both T=EJ and EJ =EC in the intervals 1 K T=EJ K 5
and 0.1 K EJ =EC K 5. The former condition can be satisfied if
each junction is implemented as a superconducting quantum
interference device loop with individual Josephson energy
ð0Þ
EJ ∼ Tmax = 0.1Δ so that EJ = 2 cosðeΦ=πZÞEJ , where Φ is flux
through the loop. The latter condition requires enhancing
ground capacitance of each island, which should exceed the
capacitance of the junctions in order for the model Eq. 1 to
be relevant. Realistic measurements of such array include

2
1.6

ln(5)

dS/dL

1.2
0.8
0.4
0
0

EJ/EC
0.4

6
5
4
3
2
1
0

0.8

S(L=8)/4
S(t)

E Ct

100 102 104 106 108 1010

1.2

1.6

2

Fig. 6. Entropy per spin in thermodynamic limit extrapolated to t = ∞. (Inset)
SðtÞ dependence in the bad metal regime at EJ =EC = 0.3 that shows slow
relaxation of the entropy to its saturation value.
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resistance RðT, EJ Þ and current noise. Here we predict a fast
growth with temperature and divergence at Tc of the resistivity
and violation of FDT.
Recently numerical studies (18–20) investigated whether MBL
can exist in disorder-free 1D systems. These works studied
models different from ours. De Roeck and Huveneers (21) argued that the localization should happen in a similar model at
infinite T. Very recently the same group (11) claimed to prove
the absence of true localization in periodic systems. This proof
was based on the assumption of ergodicity, specifically the
eigenstate thermalization hypothesis, in the metallic regime.
This assumption (which allowed the authors to argue in terms
of moving ergodic bubbles) is incorrect for the model studied
here because the metallic phase is generally nonergodic.
Furthermore, results concerning Kullback–Liebler (KL) divergence (Fig. S5 and Supporting Information, section 6) indicate that
the metallic phase is not fully described by Gaussian ensemble at
any value of parameters. Qualitatively, a bubble is subject to the
effective random potential, which originates from its boundaries
and is exponentially stronger than the bubble bandwidth,
resulting in the bubble localization. Similarly one can ask why
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Arnold diffusion does not lead to delocalization in the classical
limit (22). The reason is the random environment created by the
triad neighbors that destroys subtle many-body resonance. We
have checked numerically that a short classical chain does not
display triad diffusion.
In conclusion, we presented strong numerical evidence for the
MBL transition and its semiquantitative description in a regular,
disorder-free Josephson chain. Probably the most exciting finding is the intermediate nonergodic conducting phase (bad metal)
between the MBL insulator and good ergodic metal. This phase
distinguishes Josephson junction chain from the spin1=2 Heisenberg 1D model in a random field (23–25), where the ergodicity is believed to be violated only in the MBL regime (25). The
ergodicity violation in a wide range of parameters is in contrast
to the one-particle Anderson localization in a finite-dimensional
space where the nonergodic behavior is limited to the critical
point. However, the signatures of the “non-Gibbs regime” in the
discrete nonlinear Schrodinger equation (26, 27), the appearance
of the nonergodic states in a single-particle problem on the
Bethe lattice, as well as the dominance of single-path relaxation
close to the critical point of superconductor–insulator transitions
on the Bethe lattice (28, 29) make us believe that the intermediate
nonergodic phase is a generic property of MBL transition rather
than an exception. Further work is needed to establish the domain
of the applicability of these results as well as the nature of the
transition between bad and good metals.
Methods
Simulation of the JJA in the Classical Regime. At large u averaging out temporal fluctuations requires exponentially long times. Moreover, at u  1 the
resistance increases with u factorially, leading to a strong heating in the
computation of resistance unless the measurement current is factorially
small. Observation of a small current against the background of a low-frequency noise requires increasingly long times. Accordingly, for the realistic
evolution times τev K 108 the resistance can be computed only for u < 4.0.
Simulation of the Quantum Problem. The time dependence of the entropy and
the charge fluctuations for system of sizes L = 4,6,8 was computed using exact
diagonalization in a symmetric subspace under charge conjugation. The
tDMRG method was used for larger sizes but accuracy limits the range of
times that we could study. In all simulations we impose the particle number
conservation and open boundary conditions.
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