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1. Let S2 a R2 and S' C R4 be spheres in the sense of Eucidean
geometry, S2 having unit radius, and letf: S' 5-8 S2 be a twice differentiable
map. Let. xl, x2, x3 be local coordinates for S3, let X, ,I be local coordinates
for S2 and let o-(X, ,) be the area density on 52. Let

Ui! =

v

g)

a

) (i, lj=1 2 3),

(1.1)

where X, IA, in (1.1) stand for the functions X(x', x2, x3), J(x', X2, Xs), by
means of which f is expressed locally. Then uij ard the components of an
alternating tensor in S3. It may be verified that the divergence of this
tensor vanishes. That is to say

Jus3/aJx' + bu31/ x2 + bUn/ X3

=

0.

Hence, by de Rham's theorem' there is a covariant vector-field (v,, v2,
V3), defined over the whole of S3, such that
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bv1/ xi - 6ni/ ixl = uj.

(1.2)
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The main object of this note is to prove that
Vl

V2

V3

ff a )x2 Ix dx1dx2dx3 = y,
4x1
JJJ
*I
.
I

(1.3)

-)X1 (-)X2 (-)X3
where y is the Hopf invariant of the map f. Notice that this integral can
also be expressed in the form
(1.4)
fw10Ow2= 'Y,
where co, and W02 are the forms whose coefficients are vj and uij, and El
denotes Grassmann multiplication.
Before starting the proof we re-state the theorem in topological terms.
Let w2 be the basic co-cycle on S2, defined as a function of singular 2simplexes, and let u2 = f*W2, where f* stands for the map of co-chains,
which is dual to f. Since 5u2 = 0, because 8w2 = 0, and since the second
co-homology group of S3 is trivial, there is a co-chain, vl, such that b1 = u2.
Our theorem is equivalen,t to the statement
s1I

2 =

es3
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where cl is the basic co-cycle on S3. This form of the result has been
obtained independently by N. Steenrod, as an application of a process,
which he has developed but has not yet published.
2. We shall prove (1.3) with the help of a theorem concerning 3-dimensional manifolds, which are fibred in the original sense of H. Seifert.2
Let M3 be such a manifold, which we assume to be orientable and closed.
Let f :MI -> M2 be a fibre mapping of M3 on an orientable, 2-dimensional
manifold M2. Let M3, M2, the mapf and the fibres be twice differentiable.
Let each fibre be oriented so as to have a positive intersection with a
transverse 2-cell, which takes its orientation from a given orientation of
M2. We recall Seifert's definition of a fibre neighborhood, T, of a given
fibre H (p. 150), and the number n, which is the degree of the map fIE2
in the point f(H), where E2 is a cross section of T. We shall call n the
order of the fibre H, and H will be described as a simple or a multiple fibre,'
according as n = 1 or n > . 1. In either case we may take T =f-1(E,2),
where E12 C M2 is any sufficiently small 2-element, of which f(H) is an
inner point.
Let xl, x2, X3 be local coordinates for M3, let X, ,u be local co6rdinates for
M2 and let3 oa(X, ,u) be an area defisity for M2, which may be given abstractly or defined in terms of a Riemannian metric. Let a be the reciprocal of the total area of M2, which is compact since M3 is compact, and
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let wij be defined by (1.1), with 1/4xw replaced by a. We assume the existence of a covariant vector-field vj, defined over the whole of M3 and satisfying (1.2). As in Section .1 we write, using the summation convention,

(a) W2

=

ac(X, A)(dX5A

ujdIx5xI,
vi4xi.

(2.1)

fwi = fw, = y, say,
H
H'

(2.2)

-

Xd)

=

(b) Wi

=

I say that

where H and H' are any two simple fibres and the integrals are both taken
in the positive sense and 'y is thus defined. For dX = d, = 0 along a fibre
whence fw2 = O over any surface which is generated by fibres. LetA C M2
be a smooth, non-singular arc joining f(H) to f(H') and not containing the
image of any multiple fibre. Then 2 = f-l(s) is generated by fibres and
is obviously bounded by (H - H'). Therefore
Iwl -Jf%A
p
H'

H

=

.fW2

=

0,

which establishes (2.2).
3. Let D denote the determinant in (1.3). The theorem referred to
in Section 2 is that
aff fDdxldx2dx = y,
(3.1)
Ma

where y is defined by (2.2). Let H be a simple fibre and T a fibre neighborhood of H. We may represent T as the topological product E2 X H
where E2 is a cross-section of T, which is mapped topologically on f(E2),
with non-degenerate Jacobian. We assume that f(E2) is contained in the
domain of a local coordinate system, (X, ,u), for M2, and use the same
co6rdinates for p e E2 as for f(p). Thus T may be referred to co6rdinates
(X, j,, 0), such that f(X, ,u, 0) = (X, ,u) and 0 e < 0, 27r > is a periodic coordinate for H. Let co, = w),dX + wFdM + wed and let H(X, A) =
f-N(X,,u). Then D = we(X, i, 0) and
2wr

7 = f W1 = f wo(x, A, o)d6.
H(X, p)
0
Hence the integral in (3.1), extended over T, becomes

af ffo(X,
X&)wo(X, ,u, 0)dXdpd
T
2w
= of
Of woe(X, jA, 0)da}ddMAd
af
(X,.A
I
E2
o
= a'y faff(X, u)daXdt
E2
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= yx X area of f(E2)

(3 2)
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There are but a finite number of singular fibres in M3. Let ql, .... qm C
M2 be their images underf and let K2 be a triangulation of M2 - (qj ..
-q.), which will be an infinite complex if there are multiple fibres. Let
the simplexes in K2 be so small that T = f-1(r2) is a fibre neighborhood of
H = f-1(q), for each 2-simplex r2 in K2 and any inner point q e T2. We
may also suppose that each T2 is in the domain of a local co6rdinate system
for M2. Then (3.1) is established by summing the equalities (3.2), with
T = f 1(r2), for each T2 in K2.
4. Now let a simple fibre, H, bound4 a surface, C, which we assume to
be piecewise differentiable. Let C be given locally by xi = xV(t, q),
where x'(, 'i) are differvntiable functions of the parameters {, v7. Then,
by (1.2), (1.1) and Stokes' Theorem we have
,

a(X,
t JVa == JffJ ff b(x2y(X, X3) b(x2,x3)
xI)X
b%t 77) + -(X3,
r

x

H

A)

)

C

_(x_, xI)

_(XX /1) b(Xl x2)1

+ a,(x
Q(x, x X)
x

dtdX

a J (tJ )dedn
which is the degree of the map f C. Hence y is the Hopf invariant of the
mapf, and (1.3) is established in case f:S3 - S2 is a fibre mapping.
5.. Let S2 be given by X2 + y2 + Z2 = 1 and S3 by jtj2 + 1n12 = 1,
where x, y, z are Cartesian coordinates for R3 and {, 7 are complex coordinates for R4. Let f:S3 -4 S2 be given by
x + iy = 2ptmij", z = p(12m
_
n)
where p = 1/(jd2m +
and m, n are any (positive, zero or negative)
integers, which are prime to each other (unless one or both is zero). Then,
f is a fibre map, with fibres given by5' = 0ein', 77 = floeim 0, and its Hopf
invariant' is =mn, the sign depending on the orientation of 53. Thus
m and n may be chosen, say with m = o'y, -= 1, so that f has a given
invariant, and is therefore homotopic7 to a given map S3 -> S2.
6. We complete the proof of (1.3) by showing that the integral is an
invariant of the homotopy class of the map f. This will be included in a
more general result, which has no reference to fibre maps. Let M3 and
M2 be twice differentiable manifolds and f:M3 -- M2 any twice differentiable map. Let W2 be the form in M3 which is given by (2.1), and assume
that (02 is an exterior derivatiye. Let wi' = W2, where w' denotes the
exterior derivative of w. Then we prove that
(A) The integral
I(f) = fo10M 2
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is independent of the choice of the form wi, satisfying wi = W2.
(B) Let F:M3 -- M2 be any twice differentiable map, which is homotopic
to f. Then the form Q2, given by (2.1) in terms of F, is also an exterior derivative, and

(C) I(F) = I(f).

The statement (A) follows at once from the fact that, if Ol' = C'1' = W2,
then Co - wi is a closed form. Since 02 is an exterior derivative, so is
(°1 - (01) Ew02, wherice

fOlEO 2- foElJc2 =

M3

M'

M8

(@l- wi)EI2
I)

= 0.
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In order to prove (B) and (C) we imbed M2 as an analytic surface in R3..
Let N be the open set consisting of points whose distance from M2 is less
than a positive P1, which is so small that no two normals to M2 intersect
in N. Let p > 0 be so small that, if 5(q, q') . p, where q, q' C M2 and
5(q, q') is the Euclidean distance from q to q', then the linear segment,
which is given in vector notation by (1 - t)q + tq', for -1 < t < 2, lies
in N. This being so, let 4(q, q', t) be the normal projection of (1 - t)q +
tq' on M2.
It is clearly sufficient to prove (B) and (C) in case 6 {f(p), F(p) } < p for
each p e M3. Let this be so and let M4 be the open manifold M3 X (-1, 2).
Then a twice-differentiable map, g:M4 -_ M2, is defined by
g(p X t) = k{f(p)v F(p), t},
and g(p X 0) = f(p), g(p X 1) = F(p). Let xl, x2, x3 be local coordinates
for M3 and let the map g be given locally by X = X(X1, X2, X3, t), J j(X= ,
x2, x3, t). Let 62 be the form in M4, which is given by (2.1). Any cycle
in M4 is homologous to a cycle in MI X 0, on which &2 reduces to the form,
(02(0), associated with the map f. Since the latter is an exterior derivative
its integral over any cycle in M3 is zero. Therefore the integtal of &2
over any cycle in M4 is zero.
Let M04 = M3 X <0, 1>, so that M04 is a bounded manifold in M4.
On p. 66, et seq., of de Rham's paper let A be a complex covering M04.
Then, with other minor adjustments in his arguments, it follows that
there is a form Co,, defined throughout an open set, U C M4, which contains
MA4, such that xl' = 2 in U. Since M04 is compact we may take U =
AM3 X (-e, 1 + e) for some e > 0.
Since Co' = C2 in U we have xl,'(t) = Co2(t) (-e < t < 1 + e), where
sol(t) and co2(t) are the forms which are obtained from C, and & by writing
dt = 0. This establishes (B), since Co2(O) = Co2, (02(1) = Q2, regarding
ol(t) and 2(t) as forms in A3, which depend on the parameter t.
In order to prove (C) it is sufficient to prove that bco8(t)/ t is an exterior
derivative, where Co3(t) = ol(t)rOco2(t) (-e < t < 1 + e). For, treating
Co1(t), co2(t), Ca3(t) as forms in A3, which depend on the parameter t, we have
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=
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0

Ma'

if Ow8(t)/at is an exterior derivative. To prove that it is we write (438
Co,2. Then 68' = @1t0( 2= 620 2, and it is clear from (2.1) that
c)2OE 2 = 0. Let Uabc (a, b, c = 1, ..., 4; X4 = t) be the coefficients of
(5a. Since F538 = 0 we have

bx' - a xi + aXk- Ot =O (i, j, k = 1, 2, 3).
But uiji (i, j, k = 1, 2, 3) are the coefficients of w(t). Therefore bco3(t)/
at = 02', where 02 = uij4dx'5xj, and the proof is complete:
7. We conclude with some additional observations. First notice that
(3.2) is valid even if H is a fibre of order n > 1. For; provided the total,
area of M2 is finite, (3.1) is true for open as well as for closed manifolds,
the proof being the same in each case. Therefore (3.2), with n > 1, follows
from (3.1), applied to the interior of T.
Also

y= nfi
H

(7.1)

if H is a fibre of order n. For if H' is a simple fibre in a fibre neighborhood
of H it is obvious from the definition of a fibre neighborhood that there is a
surface which is generated by fibres and bounded by ='- (H' - nH). Therefore (7.1) is proved in the same way as (2.2).
Also if H is a fibre of order n and E2 is a cross-section of a fibre neighborhood, T, of H, then f maps E2 on f(E2) with degree n. Combining these
three results, we have
=
fJWCO2
T

ay X area of f(E2)

anf

I

x o-(X, I$)AdId

H
J1
H
-

.JCO

H

E2
X

(7.2)

fE2C2

X .J'w,
m
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where m is the boundary of E2.
8. Let us now start with c,, that is to say with a covariant vectorfield V, which is defined all over M3. Then curl V is an alternating covariant tensor, which is the same as a contravariant vector density.
Therefore "lines of flow" or "lines of force" are defined by curl V and we
assume them to be the fibres discussed in Section 2. Let H be a given

VOL. 33, 1947

MA THEMA TICS. J. H. C. WHITEHEAD

1123

fibre and T a fibre neighborhood of H. Let X, u, 0 be the co6rdinates for
T, which were defined in Section 3, except that we restrict 0 to the interval
- 1/n < 0 < 1/n. Then these co6rdinates are valid even if H is a multiple
fibre, of order n. In these coordinates curl V has components of the form
0, O, u(X, AV, 0), and
-

= div(curl V) = 0.

From the transformation law of the components, uij, of curl V, namely
Vab=

-ij

bya
3y

it follows that o(X, ju) = I(X, Iu, 0) is unaltered by co6rdinate transformations of the form 0' = 0'(X, ,u, 0), X' = X, IA' = , and transforms in the
same way as a scalar density in M2 under transformations of the form
' = X'(X1, A), ,u' = ju'(X, ,u), 0' = e. Hence curl V, whose components
in the coordinates (X, ,u, 0) are 0, 0, o-(X, IA), is related to the fibre mapping
(X, Au0) - (Xi, ,u) by the equations (1.1), with the factor 1/4wr discarded.
.In the notation of vector calculus (7.2) becomes
fff V-curl Vdr = f V-ds X f V-ds.
T

H

M
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