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CONCERNING NON-CONTINUABLE, TRANSCENDENTALLY
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Communicated by J. L. Walsh, February 23, 1951

The main purpose of this note is to show that power series of the kind
described in the title can be obtained from a given power series by simply
multiplying certain of its coefficients by -1.

Consider the class 3C of power series of the form Ea,ze whose circle of

convergence is the unit circle. There are c elements in XC (where c denotes
the power of the continuum). Let e be the class of those series in aC which
can be continued beyond the unit circle, and let a, be the -class of those
series in 3C which satisfy an algebraic differential equation. Denote by
a',a', the respective complements of C, a, with respect to aC.
There are the following sufficient conditions for a series in XC to belong

to e', (a', respectively:
(A)' Let {JX,} (v = 1, 2, 3, ...) be an increasing sequence of non-negative

(D

integers such that X,/v -X co as v oo. If Ea,zxl belongs to ae, then it also
1=1

belongs to ,'.
(B)2 Let {X, (v = 1, 2, 3, ...) be a sequence of non-negative integers such

that X,+, > iA,, for every P. If Ea,,z belongs to XC, then it also belongs to a'.'m p

I1
The series Ezv, which represents (1 - z)- for I z < 1, belongs to e(t

=o X

(i.e., to both e and d). The series Eb,z', which represents the mero-
v=0

morphic function r(z + 1) for I z I < 1, belongs to e and3 to at'. Accord-

ing to (A), Ez" belongs to C', and it is known4 that this series belongs to
O=0 -

(t. Finally, it follows from (A) and (B) that Ez" belongs to e'a'. Thus,
V=o
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none of the classes ea, ea',e't, e'dt' is empty. In fact, each of these
classes contains c elements; for if an arbitrary constant is added to any one
of the four series just mentioned, the resulting series belongs to the same
class as the original.

Let Ea,z' belong to 3C. CaI a sequence {e I such that e, = 1 ( '
v=O

0, 1, 2, .. .) a "sign sequence." Then5 there is a sign sequence {e,} such

that Fepa,zp belongs to e'; indeed, there are c such sign sequences.6 It
v=o

is also known7 that there are infinitely many sign sequences { 5p, such that

S,a,z belongs to d'.8 We now prove the following
1o 0
THEOREM. Let Ja1z, = f(z) belong to JS. Then there are c sign sequences

P=o
co

{e,I such that , e,az' belongs to e'c'.
w =o

Proof:9 Since our series, by assumption, belongs to Xe, there is an in-
creasing sequence of natural numbers {vI (K = 1, 2, 3, . . . ) such that, for
every K, Y,+j > KvK, ap, e O, and such that lim I ap," = 1aas K -- o.
It follows then that YJ/K -C o as K -+ c. According to (A) and (B),

Ea "p'K = g(z) belongs to e'd'; and the series a-g, (z) = aaoaKZAzp
where a 00 is an arbitrary constant, (;&.J is any infinite subsequence of
{v,j, and {a,: is any sign sequence, belongs a fortiori to e'et'. Set f(z)-g(z)
= fo(z). Divide g(z) into an infinite sequence of power series fi(z), f2(z),

..,fp(z), each of which contains infinitely many terms, such that
every term of g(z) belongs to precisely one fp(z) with p > 1. Consider the
set of all power series

F(z) = fo(z) + -f7(z), &y = i1. (1)

At most an enumerable number of these series can belong to e.6 Hence,
c of them must belong to 03', and these can be divided into c pairs, because
c = c + c. If F,(z) and F2(z) are the members of any one of these pairs,
then it is evident from (1) that F,(z) - F2(z) = 2g,,,(z) for suitable se-
quences ,u and a. As we remarked before, 2g,,,(z) belongs to a', so that'0
at least one of F,(z), F2(z) belongs to at'; and this completes the proof.
The theorem does not remain valid if e'W' is replaced by any one of the

other three classes, because, according to (A) and (B), DE,ZX, e.g., belongs
v = o

to e' a' for every sign sequence {e, }, due tothe presence of large gaps (i.e.,
consecutive terms whose coefficients are zero). There are, moreover, c
series in SC, none of which has gaps, and yet each of which belongs to e'd' for
every sign sequence. For let {E},I be an arbitrary sign sequence. Consider

212 PROC. N. A. S.

D
ow

nl
oa

de
d 

by
 g

ue
st

 o
n 

D
ec

em
be

r 
4,

 2
02

1 



AIA THEMAA TICS: F. BAGEMIHL

E3eVa,z', where ao = 1, a, = v for every v belonging to the sequence {I P.
V-O

where vP = 1, P, + ,=v, + K (K = 1, 2, 3, .. .), whereas a, = 1/v'2 for every
other v (this series obviously belongs to SC). Every coefficient is different
from zero, and is an algebraic number, being either an integer or the recipro-
cal of an integer. Furthermore, there is clearly no constant c > 0 such that

|e,/P" | > exp ( cv (log v)'2) for every v . 2. Consequently,'1 e,a,z'
P=0

belongs to (t'. If v is not a term of the sequence {VK} then .E| < 1.
The sequence fe,a,.3, however, is unbounded, and vK+ - vK o as

K 0C-). Therefore'2 EeaVz cannot be bounded in any sector of the unit
v=O O

circle, which means that this series belongs to V'. Thus, Ecj,a,zX has no
v =o

gaps and yet belongs to e'O,' for every sign sequence {e,}. We can easily

obtain c such series, and, in fact, having rational coefficients, from Ea,z' by
V=o

replacing a, = 1/v"2, for every v 5 0 which does not belong to {vP}, by any
one of the numbers 1/ Tr2(7 = v, v + 1, v + 2, . . . ).

I Fabry, E., "Sur les points singuliers d'une fonction donnee par son d6veloppement
en srie et l'impossibilit6 du prolongement analytique dans des cas tres g6n6raux," Ann.
Sci. Acole Norm. Sup., Ser. 3, 13, 367-399 (1896).

2 Gronwall, H., "Sur les fonctions qui ne satisfont a aucune equation differentielle
algebrique," Ofversigt Kongi. Vetensk.-Akad. Forhand., Stockholm, 55, 387-395 (1898).

3 Holder, O., "Ueber die Eigenschaft der Gammafunction keiner algebraischen Dif-
ferentialgleichung zu geniigen," Math. Ann., 28, 1-13 (1887).

4 Jacobi, C. G. J., "UYber die Differentialgleichung, welcher die Reihen 1 = 2q +
2q4 + 2q9 + etc., 2-«Fq + 2-Yq9 + 2-@/q + etc. Genuge leisten," J. Reine Angew.
Math., 36, 97-112 (1848).

5 Hurwitz, A., and P6lya, G., "Zwei Beweise eines von Herrn Fatou vermuteten
Satzes," Acta Math., 40, 179-183 (1916).

6 This follows from Hurwitz's argument, Ibid., 182-183.
7 Ostrowski, A., "Uber Dirichletsche Reihen und algebraische Differentialgleichun-

gen," Math. Z., 8, 241-298 (1920).
8 The existence of a sign sequence of this sort was recently rediscovered by P6lya,

G., "Remarks on Power Series," Acta Sci. Math. Szeged, 12, Leopoldo Fejer et Frederico
Riesz LXX annos natis dedicatus, Pars B, 199-203 (1950).

9 The proof makes use of ideas of Hurwitz, 1. c., 182-183, and Ostrowski, 1. c., 271.
10 Moore, E. H., "Concerning Transcendentally Transcendental Functions," Math.

Ann., 48, 49-74 (1897).
11 Popken, J., "Uber arithmetische Eigenschaften analytischer Funktionen," Diss.

Groningen, 1935; Theorem 12. A statement of this Theorem 12 can also be found in the
more accessible article: Popken, J., and Mahler, K., "Ein neues Prinzip f{ir Transzend-
enzbeweise," Koninklijke Akad. van Wetenschappen te Amsterdam, Proc. Sect. Sci., 38,
864-871 (1935).

12 Duffin, R. J., and Schaeffer, A. C., "Power Series with Bounded Coefficients,"
Am. J. Math., 67, 141-154 (1945); p. 153, Theorem II.

VroL- 37, 1951 213

D
ow

nl
oa

de
d 

by
 g

ue
st

 o
n 

D
ec

em
be

r 
4,

 2
02

1 


