VOL. 47, 1961

ENGINEERING: C. ZENER

537

Batschinski, A. J., Z. physik. Chem., 84, 643 (1913).
9 Hirai, N., and H. Eyring, J. A ppl. Phys., 29, 810 (1958).
10 Hirai, N., and H. Eyring, J. Polymer Sci., 37, 51 (1959).
11 Zhadanova, N. F., Soviet Phys. J.E.T.P., 4, 749 (1957).
12 Corbett, J. W., and J. H. Wang, J. Chem. Phys., 25, 422 (1956).
13 Lamb, H., Hydrodynamics (New York: Dover Publication, 1932), 6th ed., p. 602, eq. 38.
14 Ree, F. H., T. Ree, and H. Eyring, Ind. Eng. Chem., 50, 1036 (1958).
15 Eyring, H., T. Ree, and N. Hirai, these PROCEEDINGS, 44, 1213 (1958).
16 Onsager, L., Ann. N. Y. Acad. Sci., 46,241(1945).
'7 Thomson, T. R., H. Eyring, and T. Ree, these PROCEEDINGS, 46, 333 (1960).
18 Bernal, J. D., Nature, 183, 141 (1959).
8

A MATHEMATICAL AID IN OPTIMIZING ENGINEERING DESIGNS
BY CLARENCE ZENER
WESTINGHOUSE RESEARCH LABORATORIES, PITTSBURGH

Communicated February 1, 1961

Introduction and Results.-An engineer is frequently faced with the problem of
optimizing a design to obtain a minimization of total operating costs. The writer
has found that in an important class of such problems the desired minimum can
be found directly without recourse to the laborious procedure of first solving for
the optimum value of the parameters and then substituting back into the cost
equation or to the soulless operation of a machine which gives numerical answers
but no insight. The purpose of this note is to present this direct solution.
In the class of problems to which the present technique is applicable, the operation cost C is expressed as a polynomial of the independent parameter. The
technique is restricted, however, to the case where the polynomial contains one
more term than the number of independent parameters. Thus, if we denote our
parameters by X1, X2, ...xq, we are to minimize the cost
n

C(x1,

where

X2,

... Xa) = E T,

Tj = aij=1I xjfii,

and where we have the restriction n = o + 1.
The first step in our technique is to find a product of our n terms, each raised
to an appropriate exponent aj, which contains none of our o- parameters. This
product we write as
n

H Tawi

=

K

j=1

Such a set of a's is unique, apart from a common factor. In order to render the
a's completely unique, we impose a normalization condition
n

Zaxi= 1.
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Our technique is not applicable to those cases in which normalization cannot be
imposed, as when the sum of a's is identically zero. Usually the appropriate set
of a's can be found by mere inspection. Thus, in the example
C(x, y) = ax + b/xy + cy2,
we have
(a,, a,3) = (2/5)(1, 1, 1/2),
and
K =a'/b2/6CI/5
In more obtuse cases, we obtain the n a's by solving the n linear equations
n

E Z ijaj = O. i= 1, 2, .0
j=1
n

E j=1.
j=1
Our second and final step is to write our desired minimum cost as
n
Cmin =

K/Ha1aia
i=1

Analysis.-The crux to our solution lies in adopting the appropriate viewpoint.
Since our cost C has been formulated in terms of the a parameters xi, x2, . .X,
our instinct is to regard these x's as the independent variables with which we
must work. But we may with equal justification regard the n T's as our independent variables, independent apart from the condition that the product K
remain constant. Adopting this second viewpoint we may state our cost problem
as the minimization of the function
n

C(Til T2,

Tn)

E Tj

j=1

subject to the condition that
n

H Tj
K(Ti, T2, ... TJ) = j=1

remain a constant K.
Our cost problem, formulated in terms of the T's. is directly soluble by the
undetermined multiplier' method of Lagrange. Thus Lagrange has shown that
a constant X (the undetermined multiplier) exists such that that set of T's which
minimizes C(T1, T2, . . Tn) subject to the condition that K(T1, T2, . T,,) remain
a constant, also minimizes
C - XK
for completely arbitrary variations in the T's. By direct differentiation, we
readily show that this last expression has a minimum for that set of T's given by
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Tj = ajXK,
and hence obtain
Cmin = xK.
We may now determine the "undetermined multiplier" X by substituting this
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solution for the T's into the equation which defines K. We obtain
n

X =

1/11 aic.
j=1

Comments.-If our minimum cost is sufficiently low to justify economically the
design concept leading to the function C(x1, x2, ... x,), we of course wish to find
that set of parameters xi, x2, .. x, which leads to this minimum cost. From our
prior solution for the T's,

Ti = CtiXK,
we may frequently, by mere inspection, write the solution for the optimum values
of the x's. When inspection is not sufficient, we resort to a solution of a set of
linear equations developed by A. Fein.2 This set of equations, as well as other
interesting deductions following from the above-described technique, are described
by Fein in a forthcoming paper.
2. When our solution for Cmin is complex, as is the case where one of the a's
is negative and fractional, the cost has been improperly formulated in terms of
the parameters xi, X2, ... A. Thus, suppose we are presented with the cost function
C = ax-2-bxy+cy2.
Our analysis gives at once

Cmin = A/-1la'2bc-12
We conclude our cost was incorrectly formulated.
3. We have restricted ourselves to the particular case
n = a+ 1.
We shall now demonstrate that no minimum occurs when
n < a +1.

Suppose, for example, that
n = a.

We then proceed by regarding one of the a parameters xi, X2... x, as a constant,
only a - 1 as variables. We then employ the technique developed in this paper
to find the minimum Cmin with respect to these a - 1 variables. This minimum
will contain as a factor that Xi, raised to some power, which was regarded as a
constant. Such a factor cannot be minimized with respect to xi, apart from the
trivial value of zero when xf occurs as an even power.
4. The case n > u- + 1 remains unsolved.
1 Madelung, E., Die Mathematischen HilfRmittel des Physikers (Munich: Springer, 1925), p. 143.
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