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uv
P U + v (3)

The number of generations (n) necessary to change from an initial value (p0) to a
certain transient value (pn) toward the final equilibrium value (p) can be calculated
from:

n = In (P P (4)
U + V pn P

The distribution function of the GC content of DNA molecules at equilibrium,
f(p), can also be derived, which gives an estimate of variance of the GC distribu-
tion of DNA at equilibrium. The function is a binomial distribution which is:

b(b - 1) ... (b - pb + 1) (C)Pb (1 - p)b(l - p)
f =P)(pb)!

(see appendix) (5)

and its variance is:

b2(p) P( - P) (see appendix) (6)
b

where b is the number of base-pairs per DNA molecule which can be obtained
by dividing the molecular weight of sodium salt of DNA by 660. Strictly speaking,
in the presence of molecular weight heterogeneity, the number average of pair-
numbers (bN) should be used instead of b. However, for minimal estimation of the
variance, the value bw (weight average) can be used for b. It is important to note
that because of the usual large values of the base pair-number (b) in DNA mole-
cules (more than 103), the distribution function will be practically normal (there-
fore symmetrical) with the variance given in equation (6). Obviously equation (5)
is true when the sequence of a and 7 pairs in the DNA molecules is random. How-
ever, the equation will hold approximately true for cases where nonrandomness
exists in short regions (for example, in triplets, quadruplets, etc.).
The consequences of these calculations may be summarized:
1. Mean GC content: The mean GC content of DNA (p) of an organism will

be determined by the relative magnitudes of effective base conversion rates u and
v. In this system, the GC-content of DNA molecules can take any value between
0 and 100 per cent. The relation between fractional GC-content at equilibrium
(p) and the ratio u/v is as follows:

p 0 0.25 0.4 0.5 0.6 0.75 1.0
u/v o 3.0 1.5 1.0 0.67 0.33 0

2. Shifting of mean GC content: The rate at which the mean GC content (p)
moves toward equilibrium is primarily dependent on the absolute values of u and v
from equation (4). Estimation of u and v is not very easy because of the uncer-
tainty in the estimation of the average mutation rate of genes and particularly in the
estimation of the average extent of survival of the mutations. Just for an example,
however, let us assume that spontaneous gene mutation rate is on the average 10-5
per generation, and that the two thirds of the point mutations are based on changes of
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antsy type. If we assume that each gene has 103 nucleotide pairs, and all conver-
sions are transmitted to the offspring (although very unlikely), then the order of
magnitude of u or v is 10-8 per pair per generation. This is probably a large over-
estimation, because any selection against mutants will lower the estimates of
u aDd v.

Suppose an organism which has a DNA complement of po = 0.30 is suddenly
subjected to a different physiological condition where u/v = 0.43 (corresponding
to p = 0.70). Then we can ask how many generations are required for the average
GC content (p) to reach some intermediate point, say 0.40 (p,). Using equation
(4) we obtain n = 2 X 107 generations. For an organism of generation time one
hour, this means two thousand years. The value obtained here may be consider-
ably underestimated, because only a fraction of the mutations will be selected for
and become established in the population. Consequently, in this model the mean
value of the GC-content of DNA is seen to be an extremely stable characteristic,
a feature which is consistent with the fact that taxonomically related organisms
have similar base compositions.

3. Nucleotide sequence: In the idealized case, the sequence of the four kinds of
nucleotides in DNA should be random. If the present theory is close to reality,
we expect to find dinucleotide frequencies similar to those predicted from random
sequence.

Experimental data on dinucleotide frequencies show that it is fairly close to
random.9 However, attention was brought to the author'0 that the frequency of
each kind of dinucleotide pair actually has a tendency toward being slightly dis-
crepant from the random frequency, namely more than random or less than ran-
dom. This oriented discrepancy could be expected if the code is universal. In
the universal code, certain dinucleotide sequence may be more than others if that
sequence is found in sensible triplets (for nondegenerate case) or found in more
frequent amino acids in the proteins of the organisms (for degenerate case).

4. Variance of GC distribution: At equilibrium, the distribution of GC content
of the molecules will have a variance which depends upon the molecular weight and
its heterogeneity. The calculated values from the theory are presented in Table 1.
The values in the table are considerably smaller than the observed values listed in
Table 2. However, this is not unexpected, since the theory is valid only for the
ideal situation in which the following is assumed; (1) the distribution is in equi-
librium; (2) the effective conversion rates (u and v) are the same for all DNA base
pairs of the organism in question; (3) these rates are constant for a period during
which the distribution has attained equilibrium.

TABLE 1
THEORETICALLY EXPECTED HETEROGENEITY OF DNA BASE COMPOSITION (20 IN GC CONTENT, %)

CALCULATED BY EQUATION (6)
Number average
molecular weight , - p

(X 10-6) .3 or 0.7 0.4 or 0.6 0.5
1 2.4 (%) 2.5 (%) 2.6 (%)
5 1.1 1.1 1.1
10 0.7 0.8 0.8
20 0.5 0.6 0.6

There is no way to be certain that all of these assumptions will rigorously be met,
and any divergence from them will bring about the broadening of the distribution.
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TABLE 2

HETEROGENEITY OF DNA BASE COMPOSITION ESTIMATED BY DENSITY GRADIENT
CENTRIFUGATION *

2a (in GC content, %0) Reference
VERTEBRATES
Human kidney cells <9.6
Mouse spleen <7.6 1
Frog testis <6.2
Calf thymus '-9.6 22

BACTERIA
Diplococcus pneumoniae -3.9 22
Bacillus megaterium
Bacillus subtilis
Escherichia coli
Micrococcus lysodeikticus
Micrococcus pyogenes aureus <6.0 4
Serratia marcescens
Shigella dysenteriae
Sarcina lutea
Pseudomonas aeruginosa
* The sign "<" indicates that the a (standard deviation) has been calculated from the total variance (irT) of

the DNA distribution in the density gradient field, which gives the maximum estimate of the heterogeneity.
If we take the number-average molecular weight as 5 X 106, we will not be too far from reality. Then, cor-

responding "2a expected," is about 1.0 (see Table 1).

In this connection, the "hot spot" and wide range of reversion rates in the case of
the bacteriophage T4 HIJlocus"' 12 may be cited. It is possible that the nonuni-
formity of the mutation rates, which may be attributed to an effect of the neighbor-
ing base sequence,"' 12 is associated with various u/v ratios. At the genie level
also, a wide variation in mutation rates among different genes is observed in various
organisms, which could also be accompanied by variation in the u/v ratio. It has
been pointed out that when there are repetitions of the same sequence of the nucleo-
tides, the variance is greater than that expected from random sequence. 13 Another
possible factor tending to broaden the distribution is the incorporation of heterolo-
gous DNA into the genome of an organism. This includes a wide range of phe-
nomena, from amphidiploidy to bacterial transformation. In this connection,
several exceptions for the unimodality of DNA base composition in higher or-
ganisms"' 4-1' and episomic transduction' among different species of enterobacteri-
aceae of different DNA GC contents suggest the possibility of incorporation of
heterologous DNA.Y 1' The incorporated DNA will be subjected to the mutation
pressure which tends to push the GC content toward the equilibrium, thus de-
creasing the introduced heterogeneity. The rate of the compositional shift of
the heterologous DNA will depend on the degree of resistance of the base pairs
by selection, to the mutation pressure.
The factors mentioned above tend to broaden the distribution of base composi-

tion whereas others tend to narrow it. Thus, the DNA molecules of a given organ-
ism are in a similar metabolic environment and mutagenic effect by chemical
mutagens or ionizing radiation will affect the DNA molecules rather uniformly,
and this may tend to narrow the distribution by a rather uniform u/v ratio.
The effective conversion rates, u and v, require more explanation. Each muta-

genic effect should have its own average effective conversion rates, u1 and vi, and,
consequently, a unique ratio, Ui/V,. Then, the net conversion rates (u and v)
are sums of these component rates.
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U ==;ui

V = Zvi

There is accumulating evidence that mutagenic effects of various agents, so far
found, are not equally effective with regards to a y and oy-Y.19-21
The main assumption, in the present theory, is that each mutagenic factor acts

rather uniformly on base pairs of DNA without regard to their location in the
chromosome or in the DNA molecules.
The system described by the present theory takes a unique position in inter-

preting the observed phenomena of variation and heterogeneity of the DNA
base composition and leads naturally to several predictions of the coding problem
in general. The essence of the theory places special emphasis on mutations
caused by base pair conversion as the primary factor in influencing the base com-
position of DNA. Since selection operates mainly through phenotype or more
specifically on the functional efficiency of protein, it has been taken as an indirect
and relatively weak effect in the sense that it cannot impose a uniform effect on the
whole genotype. With these considerations in mind, it is difficult to conceive
how selection pressure could impose a uniform change in the GC content of DNA.
Consequently, the over-all effect of selection pressures is to increase heterogeneity
rather than decrease it. In this connection, the greater heterogeneity of DNA base
composition found in the more highly differentiated organisms may be interpreted
as the result of a resistance of local base compositions to the leveling effect of
mutation pressure by selection. It is also predicted that the base composition is
rather uniform (closer to random) not only among DNA molecules of one organism
but also within the molecule. Although experimental data on intramolecular
heterogeneity are rather scarce, the available seem in general to agree fairly well
with this prediction.22

Several implications of the theory on the biological coding problem may be noted.
In the first place, if there is information transfer from DNA to RNA through a
direct complementary copying process, we expect from the theory a rather perfect
correlation between the base compositions of the two nucleic acids, even if the
copying does not extend over the whole of the DNA. Evidence is accumulating
that such a complementary RNA fraction exists in various organisms.23-29 Al-
though the compositional heterogeneity of such RNA has not been examined, the
over-all picture fits the average composition of DNA. It is noted that the base
composition of the bulk RNA (soluble and ribosomal) does not usually mimic the
DNA base composition. This may be interpreted either that the ribosomal and/or
soluble RNA is copied from a portion of DNA (or a locus) and the portion occupies
only a small fraction of the whole DNA complement, or that the two types of RNA
are not copied from DNA but replicate themselves. If the former alternative is
right, we expect to find one locus or a few loci responsible for the structure of ribo-
somal and of soluble RNA.

Consequence of the theory for the amino acid composition of protein may be
summarized as follows:

1. When the GC content of the DNA of two organisms differs appreciably, it is
unlikfly that a protein found in one will be similar in primary structure to any found
in the other. This also applies to enzymes of identical function with the exception
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that the active site may be similar but the dispensable parts of the molecule will
be quite different.5 In this connection, partial dispensability of parts of molecules
in papain30 and ribonuclease3l for their enzymatic activity should be remembered.
It is also interesting to note that a part of B-cistron of phage T4 HI locus can be
dispensed with either as a deletion32 or as variously mutated forms33 without losing
the function of the B-cistron.

2. If the code is universal, there may be some correlation between GC content
of DNA and amino acid content of protein. The exact feature of the correlation
will depend on the nature of the code. For example, on the assumption of the
universal code among RNA viruses, consistent coding models have been con-
structed.34' 3 The result on the total protein of various species of bacteria and Tetra-
hymena has been reported elsewhere, which shows positive, negative, and no cor-
relations in different amino acids.36 The existence of amino acids, e.g., threonine
and leucine, which have practically no correlation with DNA base composition
between 25 and 72 per cent GC, indicates that the simplest code (triplet, nonover-
lapping, nondegenerate code)37 38 needs some modification. Furthermore, the
shape of the regression curves of amino acid content on the GC-content of DNA
was best interpreted as evidence for degeneracy.39 From the above reasons, the
correlation data were taken as supporting evidence for the universality and de-
generacy of the code among bacteria and possibly protozoa.39 Therefore, there is
no inconsistency between the wide variation of DNA composition and over-all
amino acid contents.
Concerning the phylogenetic aspect of DNA base composition, it is noted that

two lines of thought are inseparably mixed in the present consideration. One is
that the similarity of DNA base composition among closely related organisms
comes from their common origin and from the stable nature of the base composi-
tion. The other is that organisms with similar internal environment have a similar
u/v ratio, thus making their base compositions alike. Information on similarity in
the DNA base sequence between organisms with similar GC content of DNA will
clarify the picture. In this connection, DNA hybridization experiments40 seem
promising. The DNA base composition of invertebrates, vertebrates, and higher
plants does not seem to supply much instructive information, since there is little
variation in the mean GC content among them." 6 Bacteria have the greatest
variation, but unfortunately the taxonomic relationship from other criteria is
somewhat arbitrary. The algae and possibly fungi may provide more information,
because their range of DNA base composition seems to be wide and the natural
classification is certainly better established than in bacteria.
Whether the unimodal DNA distribution which we generally observe comes from

wvider (converging) or from narrower (diverging) distributions, we do not know.
The latter possibility, however, fits the idea that the evolution of the gene comple-
ment may arise by duplication of the pre-existing genes and mutations of the dupli-
cated genes, thus providing differentiation of genomes.4' In this connection, the
author was reminded42 that the duplication and polyploidy will relax the extra loci
from selection and thus allow them to convert more readily by mutation pressures.

It may be-worth while here to discuss the alternative theoretical possibilities to
account for the observed facts of DNA base composition.

Nonuniversal code model: If the coding mechanism is not universal among dif-
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ferent organisms, each coding system may come to a unique optimal DNA base
composition. Such a possibility is not inconsistent with the adaptor hypothesis43
and the discovery of the amino acid-transfer RNA molecules44 which serves as a
step in the transfer of information from DNA to the protein synthesizing apparatus.
The view that the code could be rather flexible may take the shift of DNA GC
content as the transition from one coding system to another.45 At present, evi-
dence for universality36 46-48 outweighs that for possible nonuniversality.49 50
No general conclusion, however, can yet be drawn especially for cases like ambi-
valent mutation of E. coli-phage T4 system49 and intergenic suppressor mutations
which affect the primary structure of a polypeptide chain of tryptophan synthetase
of E. coli.50

It is noted, however, that universality or nonuniversality does not basically
change the theory described in this paper. For the nonuniversal case, the main
factor which determines u and v is now selection pressure rather than the mutation
pressure.

Two-symbol code model: The two-symbol code of the 6 keto-6 amino type5'
needs special attention, because it provides the possibility of coding the same
information with different GC contents of DNA. In this model, cytosine and
adenine, and thymine and guanine act as the same unit letter, and are thus inter-
changeable without changing the information. This model does not contradict the
present theory, but so far there is no supporting evidence for this possibility.
Moreover, if the recent findings of Nirenberg and his colleagues52" 5 and Ochoa
and his group54' 5 about the stimulation of amino acid polymerization with artificial
ribonucleotide polymers are the true picture in vivo, the two-symbol code loses its
validity.
Nonprotein-coding-DNA model: This model consists of a set of rather unlikely

possibilities.
In the first place, it assumes there is a region in each DNA molecule where the

GC content is close to 50 per cent. In order to have the over-all GC-contents dif-
ferent from 50 per cent, there must be accumulations of a or y pairs in different
parts of the molecules. Secondly, it is assumed that the region with approximately
50 per cent GC is genetically significant and the other part of the molecule is non-
sense. In this model, the genetically important part of the DNA molecules are
similar in different organisms.

This model does contradict our theory. Although this model does not seem very
likely,5' 6 more data on intramolecular heterogeneity of GC content should be
accumulated before final conclusions can be drawn.
Summary.-An idealized theory is presented to account for the main features of

base composition distribution of DNA, wide variation and small heterogeneity.
The theory seems to account for the main features of DNA base composition distri-
bution in nature. It is based on rather uniform mutation and selection pressures
affecting the base pair conversion.

Appendix.-There are several ways to derive equations (5) and (6). As an example a deriva-
tion based on a discussion on the birth and death process'7 will be presented.
The number of GC pairs in a molecule is pb where the total number of pairs is b. The proba-

bility of a change GC AT in time dt is Hpt dt where ,upl = up, and for AT GC in time dt
is Xpbdt where Xpb = v( 1 - p). Since dt is very small, only single changes occur in this time. -Then
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as Feller shows, equation (5.2) in his book,57 for pb = 1,

dt = (Xpb + Ipb)fpb(t) + Xpb - lfpb - l(t) + Upb + 'fpb + 1(t) (1')dt

and for pb = 0

dfo(t) Xofo(t) + MAifj(t) (2')
dt ('

where fpt(t), fi(t), and fo(t) are the probabilities that there are pb, 1, and 0 GC pairs respectively
at time t. To obtain the equilibrium state, we put the derivatives equal to zero. From (2') this
gives:

f= Xo bvAfl=-o = fso
Mi U

Putting pb = 1 in (1') we get:

f2= b(b-1)(V)2f

Knowing that

)= (1 ub,U bV

. b(b 1)( v 2( u 2 b(b -1) '2
42 2ku +vl u v! 2 421 p5)b- 2

Obtaining f3, f4, ., we get the equilibrium distribution as a binomial distribution,

b(b - 1) ... (b - pb + 1) ppb(1 _ -)b(l - p)

fvb = bb- (pb)! - )( P
Therefore the variance for this size of molecule is

2 £(1- P)
-b(P)= b

When there is the molecular weight heterogeneity, we can get an average value of the variance
as follows. Let the distribution function for base number per molecule be B(b), where B(b) if
expressed in the weight concentration. Then,

¢= fb2(p)B(b)db = b(1- (R db

fRB(p)db RmBb)m

Here f.B(b)db/1 B(b) db is the number average of b, which is written as bN in the text. R indi-
Rb

cates that the integrations cover the whole range of the distribution.

An essentially same treatment as presented here had been formulated two years ago by the
author. Since then, he has received criticisms by a number of people. The author is especially
grateful to Drs. K. C. Atwood, S. Benzer, W. G. Cochran, M. Deibruck, P. Doty, M. Kimura,
R. P. Levine, C. Levinthal, S. E. Luria, S. Spiegelmen, and S. Wright. For correcting the
manuscript, the author owes much to Dr. S. Spiegelman and also to Mrs. M. E. McCarty.
This work was supported by a grant from the National Science Foundation (G-15080).
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EFFECT OF THE RIGIDITY OF THE INNER CORE ON THE
FUNDAMENTAL OSCILLATION OF THE EARTH*

BY C. L. PEKERIS, Z. ALTERMAN, AND H. JAROSCH

DEPARTMENT OF APPLIED MATHEMATICS, THE WEIZMANN INSTITUTE, REHOVOT, ISRAEL

Communicated January 23, 1962

The Bullen B and Gutenberg models of the earth which we studied previously
gave periods for the spheroidal oscillation n = 2 of 53.70 and 53.52 min respectively,
as against the average observed seismic and gravimetric values of 53.9 min. In
order to explain this discrepancy, we have studied the effect on the period of an
assumed rigidity in the inner core (r < 1,250 km). It is found that the period of the
"core") oscillation of about 101 min diminishes rapidly with increasing rigidity
,u of the inner core, reaching an asymptotic value of about 53.8 min at large A,
while simultaneously the amplitude spreads into the mantle, eventually assuming
the pattern of a normal oscillation at the asymptotic period. The observed period
of 53.9 min is reached at a value of jA of about 1/2 X 1012 dyne/cm2, and could be
fitted within the observational error into the range of 1.5 X 1012 to 4 X 1012 for
ji inferred by Bullen on the basis of seismic data.

1. Introduction.-In the interpretation of the spectrum of the earth which was
observed gravimetrica]1yl and seismically2 on the records of the great Chilean
earthquake of May 22, 1960, we compared the observed periods with theoretical
ones evaluated for Bullen's model B and Gutenberg's model of the earth.3 For
the fundamental spheroidal oscillation n = 2, these periods came out 53.70 and 53.52
respectively, compared with the average of .53.89 min for the observed gravimetric1
doublet of 54.98 and 52.80, and 53.9 min for the center of the observed seismic2
doublet of 54.7 and 53.1 min. The discrepancy of 0.2 min between theory and ob-
servation for Bullen's model and of about 0.4 min for Gutenberg's model is note-
worthy in view of the better agreement between theoretical and observed periods
that was found for the higher modes, especially for the Gutenberg model, and the
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