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Suppose 2 is a theory formalized in some countable, first-order (with equality)
language, L. One says 2 is categorical in power K if 2 has a model of power K and
all models of 2 of power K are isomorphic.' For example, the theory of dense
linearly ordered sets without end points is categorical in power No but is not categorical in any higher power. On the other hand, the theory of algebraically closed
fields of characteristic 0 is not categorical in power No but is categorical in every
higher power. In 1954 Los raised the following question: Is a theory categorical
in one uncountable power necessarily categorical in every uncountable power? We
give an affirmative answer to this question.
Several recent papers2 have pointed out the close connections between the properties of models of a theory and certain Boolean algebras of formulas. The isolated
points in the dual spaces of these Boolean algebras play a particularly important
role. We consider a certain class of such spaces and a certain category of continuous onto maps between them. The crux of our proof is an analog for such
categories of the Cantor-Bendixson theorem. We also use methods related to
those of Ehrenfeucht and Mostowski3 and the previously cited paper2 of Vaught.
1. There will be no loss of generality in assuming 2 to be a complete theory in L.
Suppose A is a model of 2 and X C A l. (The set A is the universe of A, i.e., A
consists of the set A and a set of relations on jA j.) We define an enlarged
language, L(A, X) by adding to L a new individual constant XA for each x e X.
((A x)S X is the model formed from A by taking each x e X as a distinguished
element.) Denote by 2(A, X) the set of sentences of L(A, X) which are valid in
(A, x)~ e x. Then 2(A, X) is obviously a complete theory in L(A, X). We identify
formulas of L(A, X) which are equivalent in the theory 2(A, X) and denote by
F(A, X) the set of formulas having no free variable except some fixed one, say v0. We
may consider F(A, X) as a Boolean algebra with the Boolean operations of n, u,
and ' corresponding to the logical connectives A, V, and -, respectively.
By the celebrated result of Stone4 the set of maximal dual ideals of F(A, X) form a
totally disconnected compact space which we denote by S(A, X). The space
X

S(A, X) has a basis of power <X + No. The points of S(A, X) may be thought of
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as the kind of elements which may appear in models of 2(A, X). In particular, for
each a e A there is a Pa ES(A, X) such that Pa consists of precisely those formulas of
F(A, X) satisfied by a in (A, x), x. We say a realizes Pa in A.
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If A is a model of M, we say A is saturated if for every X C A with X < A every
p e S(A, X) is realized in A. It can be shown5 that:
THEOREM 1. If A and B are saturated models of z having the same power then A is
isomorphic to B.
The proof involves extending isomorphisms between subsystems one element at a
time.
Vaught recognized that this theorem could be used in considering the problem of
categoricity in power, and he showed5 (assuming the generalized continuum hypothesis) that if a theory is categorical in an increasing sequence of powers then it is
categorical in the limit power.
Suppose A and B are models of 2, X C A and Y C B and f maps X into Y.
We say f is an elementary monomorphism of (A, X) into (B, Y) if whenever n e co,
s& is a formula of L with free variables among v0, . ., vn- and x0, ..., x,.i e X, then
h-AtI(xo, ..., x,,) if and only if F-Bjt(f(x0), . . ., f(xn-1)). In particular, if A C B
and the identity map of A into B is an elementary monomorphism we say B is an
elementary extension of A(A<B). One advantage of dealing only with elementary
monomorphisms is that they have the amalgamation property; that is, if A and Bi
YC|I
(i eI) andfi: (A, X) -- (Ba, Yj)(i I) are
(i EI) are models of O, X C
elementary monomorphisms, then there is a model C of 1, and a set Z C C and
elementary monomorphisms gi:(Bi, Y1) -E (C, Z)(i E I) such that for all i, j e I,
o, = gi L.
It is easy to see that an elementary monomorphism f: (A, X) - (B, Y) induces a
Boolean monomorphism of F(A, X) into F(B, Y) (by mapping XA to f(X)B) which,
by Stone's results induces a continuous onto map f*:S(B, Y) - S(A, X). Thus
with each complete theory z we may associate: (1) a class (denoted by 8(r)) of
topological spaces-namely, the class of all spaces S(A, X) where A is a model of z
and X C A |; and (2) the category, C(1), of those continuous onto maps between
members of s(2) which are induced by elementary monomorphisms. It is to this
class of spaces and category of maps that we wish to apply an analysis similar to
that of a single space in terms of its derived sequence of spaces. (That a single
Boolean algebra could be analyzed in terms of the derived sequence of its dual space
was explicitly recognized by Mostowski and Tarski6). To do this we define a
notion stronger than that of an isolated point: a point p e S E s(2) is algebraic if
for every f E e(l) with range S, f-1(p) is a set of isolated points. (The term
"algebraic" is suggested by the case where z is the theory of algebraically closed
fields of characteristic 0. It is also consistent with a generalized notion of algebraic
extension considered by J6nsson.)
We define S' = S - {algebraic points of S). It turns out (essentially because
all the spaces are compact and e(X) satisfies the dual of the amalgamation property)
that if (f: S, -- S2) e(1) then f(S1') = S'. Therefore, we may define 8'(2) =
{S'; S ES(1)} and 6'(z) = {(fI S': Ss' IVS'); (f: S1-* S2) Ee }. We may now
repeat this process and find the algebraic points of S' (considered now as a member
of 8'(2)). If p is algebraic in S' we say it is transcendental in rank 1 in S(p E Trl(S)).
We define S2 as S' - Tr'(S) and 82(2) = {S2; S e 8(2;). We proceed inductively
to define:
a = S- U Trw(S)

I,
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Tra(S) = { algebraic points of S' (considered as a member of W)
a

(1)

=

{Sa; S E S(2) }.
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It may happen that for some ordinal ao and some S E 8(r), S° is empty. It will
then follow that for every S e 8(z), S'a is empty. (Again, this is essentially a consequence of the amalgamation property.) In this case we say that z is totally
transcendental (because every p e S e 8(2) is transcendental in some rank).
THEOREM 2. If z is totally transcendental and S(A, X) E S(s), then S(A, X) <
X + So.
Proof: The space S(A, X) has a basis corresponding to the elements of F(A, X)
and hence of power < X + No. Since the points of Tra(S) are isolated points in S',
S must have a vanishing perfect kernel. Any compact Hausdorf space with a
vanishing perfect kernel has power < the power of any basis of it.
The more difficult result is the converse:
THEOREM 3. The theory 2 is totally transcendental if and only if whenever S(A, X)
e 8(z) and X is countable then S(A, X) is countable.
Theorem 3 is the analogue of the Cantor-Bendixson theorem and its proof is
similar to proofs of that theorem.
2. The next step is to establish that every theory categorical in an uncountable
power satisfies the countability condition of theorem 3 and is therefore totally
transcendental. Vaught5 has already established this for theories categorical in
power KRo. To establish it in general we use the following variant of a result of
Ehrenfeucht and Mostowski.
THEOREM 4. If z is a theory having an infinite model and X an arbitrary linearly
ordered set, then there is a model A of I, and a set X C A such that if Y1, Y2 C X
and f: Y1 -- Y2 is an order isomorphism then f is an elementary monomorphism of
(A, Y1) to (A, Y2).
By the well known method of replacing existential quantifiers with function symbols we may replace 2 by a new theory V', which has essentially the same models as
z and such that if A is a model of Z' and X C A we may define the submodel,
M(X, A), generated by X; indeed, M(X, A) is just the closure of X in A by all the
functions.
THEOREM 5. If E is a theory with an. infinite model and K > No, then there is a
model of X, B, such that B = K and if X C B and X is countable then only a countable number of points of S(B, X) are realized in B.
We sketch the proof. Replace 2 by the theory 2' described above. Let Y be a
linearly ordered set having the order type of K (i.e., of the ordinals having power <
K). Let A be a model of 2' containing Y and satisfying theorem 4 (with Y in place
of X). Then B = M(A, Y) is the required model. (It is necessary to arrange
things so that B < A, but this can always be done.)
THEOREM 6. If 2 is categorical in some uncountable power then z is totally transcendental.
Proof: If 2 were not totally transcendental then there would be a model A of Z,
and a countable set X c A such that S(A, X) was not countable. By applying
the completeness theorem one easily shows that for each uncountable power, K,
there is a model B of A, such that B = K, X c B , and B realizes an uncountable
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number of points of S(B, X). Then B is certaintly not isomorphic to any model
satisfying theorem 5 and hence z could not be categorical in power K.
3. We define a somewhat weaker notion than saturated. A model A is countably
saturated if for every countable X c A every point of S(A, X) is realized in A.
THEOREM 7. If z is totally transcendental (and has an infinite model) then for
every K > No there is a countably saturated model of z of power K.
Proof. Let Ao be any model of 2 of power K. By Theorem 2, S(Ao, Ao I) has
power K. From the completeness theorem it follows that there is a model, Al,
such that A1 D Ao, 11 = K, and A1 realizes every point of S(A1, A0I). We iterate
this process co, times (taking unions at limit ordinals). Then A~, satisfies the
theorem. For if X c As,,, and X is countable, then there is an a < w such that
K C IA_| and hence each point of S(Awl, X) is realized already in Aa,+i.
THEOREM 8. If z is totally transcendental and has an uncountable model which is
not saturated, then for every K > No there is a model of z of power K which is not
countably saturated.
Our proof of this theorem is complicated and we shall not give it here. We remark, however, that it involves several transfinite inductions, in which at each step
we pick a point of a particular transcendental rank (or often, the point of minimal
transcendental rank which satisfies some condition). Thus, we here explicitly use
the fact that each p E S e S(2) has a definite transcendental rank. By contrast,
in proving theorem 7 we used only the cardinality result of theorem 2.
From Theorems 7 and 8 now follows immediately:
THEOREM 9. If z is categorical in some power K > No then every uncountable
model of z is saturated.
Theorem 9 and Theorem 1 provide an affirmative answer to the question of Los.
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