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HYPERFUNCTIONS AND LINEAR PARTIAL
DIFFERENTIAL EQUATIONS*

By REESE HARVEY
STANFORD UNIVERSITY
Communicated by D. C. Spencer, March 18, 1966

M. Sato’s hyperfunctions are a generalization of distributions. Some applica-
tions are made to linear partial differential equations with constant coefficients.
Global existence in the space of hyperfunctions holds for all open sets. Also,
Weyl’s lemma is extended to include hyperfunctions.

1. Hyperfunctions of M. Sato.'—Let Q be an open set R" and V an open set in
C” containing @ as a relatively closed subset. B(Q), the family of hyperfunctions
on Q, is by definition Hg(V, @), the nth relative cohomology group of V mod V — Q
with coefficients in the sheaf @ of germs of analytic functions. In the notation of
Godement,? B(Q?) = H3(V, @), where ® = {S:S < @ and 8 is closed in Vi It
follows easily from the definition that B(Q) is independent of the choice of V.

By a basic result of Grauert,?® for each open set 2 in R”, we can find a fundamental
neighborhood system in C* consisting of domains of holomorphy. Therefore, we
can pick a domain of holomorphy V so that ¥V N R* = Q. 1In this case, B(2) may
be identified with the Cech cohomology group A(V #9)/ZA(V;), where A(V #Q) and
A(V,) are the spaces of analytic functionson V #2 = (C — R)* N (V — Q) and on
V; = ((C = R)"1 X C X (C — R)*) N (V — Q), respectively. If u €& B(Q) is
the equivalence class [F] where F € A(V # Q), we will call F a defining function
for u.

The following basic results concerning hyperfunctions, (a) through (e), are due to
Sato.! However, his complete proofs are not available. The brief development
found here is based on Martineau’s exposition.*

If K is a compact subset of C*, we denote by A (K) the space of functions, analytic
in some complex neighborhood of K, with the inductive-limit topology. Let A’(K)
denote the dual of A(K). Elements of A’(K) are called analytic functionals. If
K c R*, Martineau has shown, using Serre duality, that H%(C*, @) = 0, for p =
0,...,n — 1,n + 1, and that Hz(C" @) is isomorphic to A’(K). These facts are
enough to derive (a) through (c) below.

?et ® denote the sheaf over R determined by the presheaf { B(Q) :2 an open set in
R*{.

(a) The presheaf B(Q) is a sheaf, that is, B(Q) = T'(Q, ®).

Proof: As suggested by Sato,! once it is proved that H3(V, @) = 0,p = 0,. ..,
n — 1 for small Q, then (a) follows by the method of spectral sequences. Consider
the exact sequence of relative cohomology groups associated with the triple C* D
Cr—32DC*—{:

...— H3(C", @) - H3(C* — 20, @) — H3'(C", @) —. ...

Assume Q is bounded. Then, since & and dQ are compact, it follows that H3
(C* —0Q,@) =0forp =0,...,n — 2. The natural map of H33(C", @) into
H3(C", @) is injective since the map of A (Q) into 4 (0Q) has dense range. There-
fore H3—1(C" — 09, @) = 0.
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Because of (a), we have a concept of support for hyperfunctions. Let « be a
relatively closed subset of the open set @ C R®. Let V be an open set in C* con-
taining Q as a relatively closed subset. Denote by B,(R2) the space of sections, of the
sheaf ® on 2, with support in x. Then .

(b) B(Q) = HYWV, Q). In particular, if K is a compact subset of R*, Bx(R") =
A'(K).

Proof: B,(Q) is by definition the kernel of the restriction map of B(Q) into
B(Q@ — ). On the other hand, the triple V D V — « D V — Q gives the exact se-
quence:

0 = H;Z\(V — &, @) » Hi(V, @) = Hi(V, @) > Hy - (V — «, @).

(c) B s flabby.
Proof: Since H3g*(C", @) = 0, the exact sequence

Hg(C", @) — H(C" — 29, @) -~ H33'(C", @)

shows that the restriction map Bz(R™) — B(2) is onto.

Since ® is flabby and Bg(R") = A’(K), every hyperfunction can be expressed
as a locally finite sum of analytic functionals.?2 An easy consequence of this is that
every distribution is a hyperfunction.

Let A(Q) denote the real analytic functionson Q. If u € A(Q), then u & A(V)
for some complex Stein neighborhood V of Q. Let x* denote the characteristic
function of {z:2 € V,Im2z;> 0,5 = 1,...,n}.

(d) If u is a real analytic function on Q, then x*u € A(V # Q) 1s a defining func-
tion for u on Q.

Proof: Since being a defining function is a local property, it is enough to pick
¢ € Cy (), such that ¢ is identically one on w CC @, and show that x*u is a de-
fining function for u on w. Given v & A’(K), where K is a compact subset of R*,
v(2) = (2m8) ™, (II(t; — 2;)) is analytic on (C — R)" and is a defining function for »

on R*. In our case, gu is a defining function for u on w. Let ¢ = (oy,..., o4)
whereeach o, = +1andlet V° = {2:2 E V, 0;Imz,> 0,5 = 1,.. . n}.
p(B)u(t)dt

Fu]va(z) = (2m)—™" zEV°,

r It —2)’
can be analytically continued across w by shifting the path of integration, since
ou € A(w). Let F° denote this prolonged function. Then by Cauchy’s integral
formula one can easily check that

u(@®) = Z(sgn )F°(z) 1)

for all z in some complex neighborhood W of w. Let x” denote the characteristic
function of V°. From (1) one can show that x+tu — =x"F° € ZA(W,. But
ou = Zx°F’, completing the proof.

The next proposition follows immediately from (d) and its proof.

(e) IfF € A(V #9) is a defining function for w & B(Q) such that each F I yo can
be continued across Q to a function F°, then w is the real analytic function Z(sgn o)F°.

2. Linear Partial Differential Equations with Constant Coefficients.—If u =
[F] € B(Q), then by definition (3/dz;)u = [(3/d2z;)F]. The hyperfunctions on Q
obviously form a module over A(Q2). Hence, we can consider linear partial differ-



Downloaded by guest on September 23, 2021

1044 MATHEMATICS: R. HARVEY Proc. N. A. 8.

ential operators P(z,D) with coefficients in A (2) acting on B(Q) in the obvious way.

Since ® is flabby, we have

LemMma 1. If Q@ C Q' are two open sets in R* and P(x,D)B(Q') = B(Q'), then
P(z,D) B(Q) = B().

The following lemma is often used to prove existence or approximation.® Let E
and E, be reflexive Frechet spaces, and 7 a continuous linear map of E into E, with
dense range. Then Ej can be considered a subspace of E’. Let T and S be con-
tinuous linear maps of E into E, and E, into E,, respectively, such that =T = S.

Lemma 2. Suppose T is onto. Then S is onto and w[ker T] is dense in ker S if
and only if it follows from w € E' and T*u & E, that u € E;.

Consider the case where E = A(C"), F = A(W),and T = P(D) = S. Mal-
grange® has a short proof that P(D) 4(C*) = A(C") and that the exponential poly-
nomial solutions of P(D)u = 0 are dense in N = {u:u € A(C") and P(D)u = 0}.
Hence we have, as a special case, that: P(D)A(W) = A(W) and the exponential
polynomial solutions of P(D)u = 0 are densein N = {u:u € A(W) and P(D)u = 0}
if and only if v € A’(C") and P*(D) v € A’(W) imply v € A'(W).

LemMA 3. For all open convex sets W in C", P(D)A(W) = A(W), and the ex-
pone;ztial polynomial solutions of P(D)u = 0 are dense in {u:u € A(W) and P(D)u

Proof: If F is entire, let M(z, F, r) = —sgp<r|F(§)l. Suppose v € A’(C")

and P(D) v € A’(W). From Hoérmander,” we know |6(z)| < [M(z, P#, 4r)
Mz, P, 4r)]/M(z, P, )% z € C* and, since P is a polynomial, that there exists a
constant 7 > 0 independent of z such that M (z, P,r) >,z € C*. Combining these
two facts we can conclude that ¥ € A’(W) by the Polya-Ehrenpreis-Martineau
theorem.?

From now on, P(D) will denote both the operator Za,(—170/9z)* on B(Q) and
the operator Za,(—10/02)* on A(W).

TrEOREM 1. For each open set @ in R*, P(D) B(Q) = B(Q).

Proof: By Lemma 1 we need only show that P(D) B(R*) = B(R"). However,
since each of the 2" connected components of C* # R” is convex, P(D) A(C* #R") =
A(C"#R" by Lemma 3. Apply this to the defining functions.

Of course, one gets entirely different results if D’(Q2) or C”(Q) are substituted for
B(2) in Theorem 1 (see, for example, Hérmander”).

THEOREM 2. The following are equivalent:®

(a) P(D) is elliptic.

(b) If u € B(Q) and P(D)u € A(Q), then u € A(Q).

(¢) If u € B(Q) and P(D)u € C*(Q), then u € C*(Q).

Proof that (a) tmplies (b): Since real analyticity is a local property, it is enough
to prove (b) in the case @ = {x:|x,| <rnj=1,.., n} Also, by the Cauchy-
Kovalevsky theorem we can locally solve P(D)y = f with v analytic so we may as-
sumef =0. LetV = {z:lz,l <rj=1,...,n}. LetG & A(V #Q) be a defining
function for u on . Then P(D)u = 0 means P(D)G = ZH, where H; & A(V)).
By Lemma 3 there exist G; € A(V;) such that P(D) G, = H;, ThenF = G — =G,
is a defining function for w and P(D)F = 0. By (e) of § 1, this reduces the proof to
the following lemma which is concerned with natural domains of existence for cer-
tain overdetermined systems.
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LemMma 3. Suppose P(D) s elliptic. Then for each neighborhood V of 0 in C",
there exists a neighborhood U of 0 in C" such that, for every component V° of V #
(VN R, ifF € A(V°) and P(D)F = 0, then F can be analytically continued to all of
U.

Sketch of proof: Let N(W) = {F:F € A(W) and P(D)F = 0}. Let V, =
{z:|Im 2| + |Rez] < p}. We will show that for each p > 0 there exists a § > 0
such that the restriction map r:N (convex hull of V; U U;) - N(V?3) is onto, where,
in our calculations below, we will take U; to be the product of the n triangles T7
with vertices (0, —9), (5, 8), (—96,8). Let Hx(2) = ?ulp; Rez{. By the Polya-

Ehrenpreis-Martineau theorem, for all convex compact sets K in C*, u € A’(K)
if and only if for each ¢ > 0 there exists a constant C, such that |ﬂ(z)| < C, exp
[He(z) + el z| ], 2 € C* An examination of the analytic uniform structurel®
¢(W) = {a(2):a(2) is a continuous positive function on C*, exp [Hx(2)] = o(a(z))
for all compact convex subsets K of W} on the open convex set W, and the compari-
son theorem of Ehrenpreis®® show that (z) below is sufficient to prove the lemma.
We will just examine the case ¢ = (1,...,1) andlet V; = V;. Let K. denote the
product of the n triangles K? with vertices (o0 — 2¢, €), (0, p — ¢€), (—(p — 2¢), €).
Let K, ; denote the convex hull of K, U U,.

(1) Forall p > O there exist a § > 0 and a constant ¢ > 0 such that for e sufficiently
small, P(z) = 0 implies Hg ;(2) < Hg(2) + C. The maximum of Re z{ over K
must occur at an extreme point since Re z¢ is linear in 2, and K is convex and com-
pact. Therefore, Hg,,(z) = max {Hg.(2), H ﬁa(Z)}. Hence, we may replace
Hg,; by Hg,in (7). Now, one can calculate Hg, and Hg, explicitly. Since P(D)
is elliptic, there exist constants M; and M, such that P(z) = 0 implies E| Im z,| <
Mi[1 + Z|Re z|] and E]Re z| < Ml + EIIm z,| ]. Using these estimates,
the proof of (2) is easy since Hg, and Hg, are linear functions of E|Re z,[ and
EI Im Zj| .

Since we can locally solve P(D)u = fforu &€ C* if f € C®, (b) trivially implies
(c). The fact that (c¢) implies (a) is a consequence of the following lemma. How-
ever, we can give an easy indirect proof that (¢) implies (a). Since Theorem 1
holds with B(Q) replaced by C®(Q) only if P(D) is elliptic,” we know that we can
findQ, f € C*(Q), and u € B(Q) but u &€ C*(2) such that P(D)u = f. Our theorem
says that the concepts of hypoellipticity and ellipticity are equivalent with respect
to hyperfunctions.

Lemma 4. If P(D) s not elliptic, then there exists a hyperfunction uw & B(R™)
such that P(D)u = 0 butu & C* (R™).

Proof: Since P(D) is not elliptic, there exists a real vector N s 0 such that
P,(N) = 0. By a linear change of coordinates we may assume N = (1, 0,.. ., 0).
Pick a real vector M perpendicular to N so that P, (M) = 0. Now consider P(sN +
tM) = 0 as an equation in ¢ with s fixed large. We can solve for ¢ as a function of s

and expand in the Puiseux series' {(s) = s ¢;(s~Y/?)?, for some integer p and | s'/?|
1

1 ©
> C. Thus |i(s)| < C’|s|-@™ if |s] > (2C)?. Consider F(z, 2) = 2n f
0

exp [i(sz1 + t(s)(M,2"))] ds, Im 2z, > 0, 2’ €C*~L. Thus P(D)F = 0 whenever

this integral is convergent. If Im 2z > 0 and s is sufficiently large, then
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Im (szy + t(s)(M,2")) > sIm z — |t(s)| |(M,z’)|
> sImz — C's“‘”?’l Mz2")| > as

for some a > 0. Therefore the integral converges and F(z,2’) is an analytic function
of 2z, for Im z; > 0. Also F(2,,0) = —1/(2m21). Let x denote the characteristic
function of {z:Im 2; > O}. Let w = [xF]. Then u € BR" and P(D)u = 0.
Also, u is real analytic in x,,. . .,2,, but u(z, 0,. .., 0) & Li* (R).

The author wishes to express his deep appreciation to Professor Hikosaburo Komatsu for sug-
gesting these problems and for many illuminating discussions.
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Let J be a Jordan arc or a Jordan curve, and suppose that J is oriented and
rectifiable. Assume that the function f(¢) is defined and summable on J. Then
the Cauchy-type integral

f&)dg

it —2

&) M

represents a holomorphic function in each region complementary to J. If {o € J
but ¢, is not an end point of J, then the singular Cauchy integral

& ds
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