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(ii) a normal subgroup B of H, B 2 Op(H), with B/Op(H)
isomorphic to a central extension of a direct product of
groups Altm., i = 1, ..., t, m -> 8, 2 Ilscjit [(mi - 2)/31 n;
(iii) a normal subgroup L of H, L D Op(H), with L/O,,(H)
isomorphic to a central extension ofa direct product offinite
simple groups Li of Lie p-type, i = 1, ..., m, with m ' log
(2-tn/HI11--t [(mi - 2)/3]); and
(iv) a homomorphism 4): H -* Symn, such that
(a) ker 4 £ TBL,
(b) IH/TL1 _ g(n) [(3n + 9)/2]!, and
(c) if H is primitive, then Iker 0/TBLI - g(n), where g(n) =
n8a2logn+1+ a = (log 3 - 1)-1, and b is an appropriate constant.
Remark. (i) This result implies one of R. Brauer and W.
Feit with F( p, n, r) = p7r g(n) [(3n + 9)/2]!. H. Bass' generalization (2) of Jordan's theorem can be formulated also similarly to Theorem 1. (ii) It should be possible to replace [(3n +
9)/2] in Theorem I part b by (n + 2). (iii) A better bound is
known for solvable groups (see ref. 3).
In characteristic 0, these methods give a better result.
THEOREM 2. Let H be a finite subgroup of GLn(C). Then
there exist
(i) a normal commutative subgroup A of H;
(ii) a normal subgroup B of H isomorphic to a direct product
of groups Altm,, i = 1, ..., t, m, _ 8, Plaint (m; - 1) _ n; and
(iii) a homorphism 4): H -- Symn such that
(a) ker 4 D AB,
(b) JH/Al - go(n)(n + 1)!, and
(c) if H is primitive then Iker 4/ABI . go(n) where go(n) =
g(n).nb' with an appropriate constant b'.
Theorems I and 2 can be further sharpened if one introduces additional parameters into the statements or in the estimates. The proof can be followed through for any particular n, with the result being a description of finite linear
groups of degree n; there is a large literature on this subject
(see section 13 of ref. 4). In a different direction my results
can be viewed as generalizations of some results of R.
Brauer, W. Feit, J. H. Lindsey, D. A. Sibley, and others
(see, e.g., section 10 of ref. 4).
Further, using Theorem 2 (or the ideas used in its proof),
one can obtain that there is an n(r) such that the subgroup
(Symn+i)r x< Symr of PGLnr(C) [with (Symn+i)r embedded
via 4)®, where 4 is the faithful irreducible representation of
Sym + of degree n and where Symr permutes the factors] is a
maximal finite subgroup of PGLnr(C) if n _ n(r). There are,
clearly, other statements of the same kind that also follow
from Theorem 2. In this connection, see ref. 4, the end of
section 14, and, for r = 1, see ref. 5.
4. In the proof of Theorems 1 and 2 we use Propositions 1,
2, and 3.
PROPOSITION 1. There exists a finite list Lst of isomorphism classes of finite simple groups of Lie type such that
for any n, every finite set Pi, ..., Pr of primes, every set Li, i
= 1, ..., r, offinite simple groups of Lie pi-type that are not
isomorphic to groups from Lst, and a faithful irreducible
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show that a finite subgroup G of GL.(C), where C = the complex numbers, contains a commutative normal subgroup M of
index at most (n + l)!naft+b. Moreovek, if G is primitive and
does not contain normal subgroups that are direct products of
large alternating groups, then the factor (n + 1)! can be
dropped. I further show that similar statements hold also in
characteristics p _ 2, if one takes M to be an extension of a
group of Lie type of characteristic p by a solvable group that
has a normal p-subgroup with commutative p'-quotient. These
results improve the celebrated theorems of Jordan and of
Brauer and Veit.
1. C. Jordan's theorem says that there exists a function f: N
-* N (from natural numbers to natural numbers) such that
any finite subgroup of GL,(C) contains a normal commutative subgroup of index _ f(n).
R. Brauer and W. Feit (1) generalized Jordan's theorem to
fields k of characteristic p 2. They constructed a function
N such that any finite subgroup H of
F: N x N x N
GLn(k) contains a commutative normal p'-subgroup A of index . F(p, n, r) if pr+l I H. It is classically known that dependence on p and r cannot be excluded: the tower of groups
GLn(Fpi), in which i = 1, 2, ..., furnishes an example. M.
Nori (personal communication) recently discovered a result
that can be considered as a conceptual refinement of a particular case of Brauer-Feit theorem; both his result and
methods apply only to subgroups of GL"(Fp) with p large and
depending on n. The present work was inspired by this result
of Nori. I remove the above-mentioned restrictions (by a different method) and show that only normal p-subgroups and
finite simple groups of Lie type and of characteristic p are
responsible for the difference between characteristic 0 and
characteristic p _ 2.
2. For a field k, let p = p(k) denote its characteristic exponent (p = 1 if char k = 0 and p = char k otherwise). A 1group and a group of characteristic 1 are both trivial, whereas a 1'-group is an arbitrary group. I use "group of Lie ptype" in place of "group of Lie type and of characteristic p."
For a group M I denote Aut M and Out M, respectively, as
the automorphism group and the group of outer automorphisms of M and use ZM(R) for the centralizer and NM(R)
for the normalizer in M of a subset R of M. For p, a prime
Op(M) denotes the largest normal p-torsion subgroup of M;
we say that M is a p'/p-group if M/Op(M) is a commutative
p'-group. The symmetric and alternating groups on n letters
are denoted Symn and Alt,; log denotes log2.
3. The main result is Theorem 1.
THEOREM 1. For every field k with p = p(k) and every
finite subgroup H of GLn(k) there exist
(i) a normal p'/p-subgroup T of H;
The publication costs of this article were defrayed in part by page charge
payment. This article must therefore be hereby marked "advertisement"
in accordance with 18 U.S.C. §1734 solely to indicate this fact.
5278

Mathematics: Weisfeiler

projective representation of L1 x
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(ii) if pi = p(k), i = 1, ..., r, then NGLn(k)(IHLi)/ZGL (k)(HILi)*
rIL is isomorphic to a subgroup of Symn.
PROPOSITION 2. Let k be afield. If Altm1 x ... x Altm, mi
8, i = 1, ..., t has over k a faithful irreducible projective
representation of degree n, then
IAut(Altm1 X ... X Altm)I |- [(3n + 9)/2]!
PROPOSITION 3 (see ref. 6, section 44). If Altm, m ' 8, has
a faithful irreducible projective representation of degree n
over C, then m ' n + 1. Moreover, if this representation
does not lift to a linear representation ofAltm, then m ' 1 +

log n.
5. I now describe how Theorems I and 2 follow from
Propositions 1-3. Let H be a finite subgroup of GLn(k),
where k is a field that can be assumed to be algebraically
2

closed. Write V for k. Let V0 = V D V1 ... D Vs = {O} be a
Jordan-Holder sequence for the H-module V. We have homomorphisms hi: H-> GL(Vi-1/Vi), i = 1, ..., s. Then Dhi:
H- HIGL(Vi-1/Vi). We have ker(eDhi) = Op(IJ). Therefore,

if we prove Theorems I and 2 for (E1hi)(H), the general form
will follow immediately. Set Vi = Vi-1/Vi, i = 1,... Let Ti,
Bi, L(E), and Xki be the objects claimed by Theorem I for hi(H)
C GL(Vi'). Set T = nh-'(Ti), B = nh-'(Bi), L=
nh-=(L(i)),
and 4 = (Doi. Then T, B, L, and 4 have properties i-iv
and a of Theorem 1. Set Ga(X) = r((3x + 11)/2)8a21
. In view of the dominant growth of the 1-function,
x Inviwgheofth
for every a E R, a > 1, there exists'a c = c(a) E R such that
IGa(xi) Ga+c(xi) if xi 2. Thus, if Theorem I holds for
irreducible V, it holds for all V (with an appropriately larger
b). Suppose that H is imprimitive. Let V = @ V7 be a
minimal imprimitivity system for H on V. This gives us a
homomorphism a : H -> Symr. Let Wi, i = 1, ..., r, be an
irreducible ker c-submodule of V7'. An argument similar to
one we used to pass to irreducible modules shows that it is
enough to consider the restriction of ker co to W1.
Thus, we can assume that H is primitive. Take then Tto be
the center of H. Let S be the socle of HIT. Let Sab and Snab
be its commutative factor and its complement. Let Sab and
Snab be their preimages in H. One easily sees (as in ref. 7, for
example) that Sab is a central product of an extra-special
group and T. Then Sab = d2 for some integer d and the Sabmodule V is a multiple of a simple d-dimensional Sab-module. Write d = p1 ... par where the pi are different primes.
The action of H on itself by conjugation defines a homomorphism Cl' H-- AutTSab, the group of automorphisms trivial
on T; AutiSab is a subgroup of Sab A JIlisicsr SP2a,(Fp,). Thus,

IH/ker w'I

IAutTSabI

d2 sIlki-r pa +ai =- d2 (Hpai)
(flp2ai)maxai C 3+21ogd. We turn to Snab now. Let S1, ..., S,
be the simple components Of Snab. Assume that 5i, Altm, m,
' 8, i 1, ..., ul, that Si, i U1 + 1, ..., u2 are simple finite
groups of Lie p'-type, and that 5i, i = U3 + 1, .., u are spo=

<

=

radic finite simple groups or groups Alth, 5 ' h 7 or groups
from Lst. One easily sees that the orders of Aut Si, i = U3 +
1, ..., u are bounded by v, where v is the maximum of the
orders of the automorphism groups of the sporadic simple
groups. Therefore IrL3s-is Aut Sil-] vlogn =- nlgV
The action of H on itself by conjugation determines a homomorphism co": H -> Aut Snab and, by composition, a homomorphism aW: H -> Out Snab. We clearly have ker co,' n
ker a" = T. Now Theorem 1 in the primitive case follows
from the
above discussion and Propositions I and 2 with b =
11 + 2a + log v.
Theorem 2 follows from the similar argument. We only
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have to separate among S1, ..., S those whose preimage in
H is isomorphic to 5i x T. For the remaining ones, we have a
logarithmic estimate from Proposition 3.
6. I now outline proofs of Propositions 1 and 2. Let L be a
finite simple group of Lie p-type over a field Fq, where q is a
power of p, let d be the dimension of the corresponding algebraic group G, and let c be the order of the schematic center
of G. By inspection of the table on p. 419 of ref. 8, we see
that but for a finite number of exceptions which we include
in Lst, the degrees of faithful irreducible projective representations of L are bounded from below by (qb - 1)/2 for an
appropriate b. It is known (or can be obtained by inspection
of orders of such groups) that ILI c qd. Next one has d - 2b2
+ b + 11. Therefore, in conditions of Proposition 1, IL1 x ...
X LrI f IqZbi +bi+11 and 2-r11(qbi - 1)-n. The latter inequality implies that flqbi n2 As in the proof of the estimate for Sab, this gives ILI C n8a2Io n+2a+11 This is the claim
of Proposition 1 part ia. Now Proposition 1 part ib follows
from the above estimates and the description in ref. 9 of the
automorphism groups of finite simple groups of Lie p-type.
Part ii of Proposition I also follows from the description of
automorphism groups together with an observation that
presence in NGLn(k)(Li)/ZGL"(k)(Li) of graph and field automorphisms imposes strong restrictions on the highest weight
of the corresponding representation of the algebraic group
associated to Li. This permits one to improve an estimate
from below on the contribution to n from the irreducible
component of Li; then it is easy to see that Symn has enough
room tp contain NGL,(k)(IHLi)/ZGL,(k)(IHLi).HLi.
To prove Proposition 2, we take a prime p # 2 and consider the subgroup R in Alth generated by the [(h - 2)/p] cycles
(1, ..., p), (p + 1, ..., 2p), .... Since the Schur multiplier of
Alth, h _ 8, is 2 (see ref. 6), R lifts to a subgroup R isomorphic to R, of the universal cover Alth of Alt,. Then NAIjtj(R)
acts on R in the same way as NSymh(R) acts on R. Using the
Clifford theory, we see that dimension of a faithful irreducible projective representation of Alth is not smaller than the
length of the shortest nontrivial orbit of NSymh(R) on R; one
easily sees that this length is (p - 1)[(h - 2)/p]. Thus, if p #&
char k, we have an estimate -(p - 1)[(h - 2)/p] on dimensions of faithful irreducible projective representation of Alth
over k. In general, one has to look over different primes. It
turns out that the case p = 3 can always be taken for the
estimate. This gives us Proposition 2 in the case t = 1. Extension to the general case is straightforward; the estimates
still hold because of very fast growth of factorials (or F-functions).
Note Added in Proof. I can now prove analogs of Theorems I and 2
with B/Op(H), a direct product of alternating groups, and with n + 2
(resp 2, resp 60) instead of [(3n + 9)/2] (resp 8a2, resp b). The details
are, however, much more involved.
I am grateful to G. Andrews, J. Bernstein, D. Kazhdan, G. Lusztig, M. Nori, A. Regev, and D. Sibley for many helpful conversations. G. Andrews proved several estimates needed for my proof
and helped with others; I am especially grateful to him. This work
was supported by National Science Foundation Grant MCS 8102697.
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