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ABSTRACT Characteristic classes for the index of the Di-
rac family d, are computed in terms of differential forms on
the orbit space of vector potentials under gauge transforma-
tions. They represent obstructions to the existence of a covari-
ant Dirac propagator. The first obstruction is related to a chi-
ral anomaly.

In this note we study the null spaces (zero frequency modes)
of 44, the massless Dirac operator coupled to a vector poten-
tial, as the potential A varies. We are interested in the null
spaces of positive chirality as opposed to those of negative
chirality. Their formal difference is a virtual bundle, Ind g;
we apply the index theorem for families of operators and
some infinite dimensional geometry to compute the charac-
teristic classes of Ind ¢ explicitly in terms of differential
forms.

The formulas obtained may be of interest in quantum
chromodynamics. The path integral formulation uses gauge
invariant functionals of the propagator for g4. To define the
propagator g3’ requires some consistent identification of the
null spaces of positive and negative chirality. The nonvan-
ishing of the characteristic classes are obstructions to a con-
sistent covariant identification of these null spaces—i.e.,
obstructions to the existence of a covariant propagator. The
first such obstruction is related to a chiral anomaly, as dis-
cussed below. We ask whether the higher obstructions have
physical significance as well.

Let M be a compact oriented Riemannian spin manifold of
dimension 2n, and P a principal bundle over M with group G.
Let 9 be the set of connections or vector potentials on P,
with % the group of gauge transformations of P. We denote
the action of ¢ € Gon A € U by ¢-A. Let p be a representa-
tion of G on C" giving the associated vector bundle E = P X

CN.EachA e ¥ gives a Dirac operator d4: C™(S *®E)—>
C>(S~ ® E) where S* are the spin bundles over M of posi-
tive and negative chirality, respectively. In local coordinates

2n
1+
JA = Z ‘)';4(3,; + Fp. + Ay,) (T‘YS)

n=1

where ', is the Riemannian connection and acts on spinorial
indices, while A, acts on the scalar indices 1, ..., N. We have
the covariance g;.4 = ¢ ga0.

The analytic index of the Dirac family {#4}4c%, Which we
denote by dusg is the formal difference {ker gda}aco — {ker
#%}aex. Each term is not a vector bundle over U because the
dimensions of ker g4 and ker #% can jump (the same amount)
as A varies over U. Nevertheless, the formal difference is
well defined as an element of K(). Moreover, because of
the covariance of g4, ker gs.o = @(ker d4), and the formal
difference is an element of K(¥) equivariant under %. In our
case it descends to an element of K(2/%) which we denote

by Ind 4.
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The analytic family indexed by % /% can be defined direct-
ly in terms of the Hilbert bundles ¥* = QI%<L2(S *® E) over

A/%. Covariance means {#,4}sc gives an elliptic operator
#e.4 mapping the fiber ¥4, to #Hg4. The analytic index of
this family is Ind 4 above.

When M = 5% and 4 is the group of gauge transformations
leaving the north pole fixed, the index for the Dirac family
durg is computed topologically in ref. 1. The index theorem
implies that the following two maps are homotopically equiv-
alent. The first is given by the Dirac family

ot 4,

mapping A/% into Fredholm operators. For the second, we
have the composition of maps

€/ -1 0(G) 22 QXUIN) -2 B3Ux) 2 F.

The map a; (which is a homotopy equivalence) is parallel
transport by means of A around closed curves parameterized
by the equator S3. (Follow a fixed geodesic from the north
pole to the south pole and follow a variable geodesic back.)
The map a; is induced by the representation p: G — SU(N),
and a; by the injection of U(N) — U(x). Finally, a4 is a
homotopy equivalence (Bott periodicity, twice).

Thus, the characteristic classes of Ind ¢ can be obtained
by pulling back the cohomology generators in % via the sec-
ond map. For example, if G = U(N) and p is the identity, one
obtains nonzero characteristic classes, up to degree 2N — 4.

In general, to compute the characteristic classes of Ind
4 in terms of forms, we introduce a “universal” bundle with
connection. %4 acts on P X A by (p, A) — (&(p), ¢-A). This
action has no fixed points and gives a principal bundle

PXxUA
(PXQI,%, ) —91).

Since the group action of G on P X 9l commutes with that of
4, the group G acts on 2. If G acts without fixed points, one
obtains a principal bundle 2 with group G and base 2/G = M
x A/%. That occurs when one either restricts U to the space
of irreducible connections or restricts 4 to be gauge transfor-
mations leaving a point of P fixed. We assume the latter. The
principal G-bundle 2 has a natural connection w, obtained as
follows. The space P x U has a Riemannian metric invariant
under G X 4. At (p, A), the metric on T(P, p) is given by the
metrics of G, M and the connection A; while the metric on
T(Y, A) is the usual metric on C*(A! ® g). The metric on P X
A descends to a metric on 2 invariant under G. The orthogo-
nal complement to orbits of G gives the connection w.

(2, w) is universal in the following sense. Suppase Q is a
principal G-bundle over M X X, X compact and Qlyxx = P
for each x € X. Suppose, moreover, that Q has a fiber coa-
nection; that is, a choice of connection on Qpx, continuous
for x € X. Then there is a map A: Q — 2 inducing the fiber
connection from w. Conversely, any map B of X — A/%
leads to a fiber connection by pulling back (2, w) vial X B:
MxX—->Mx A/%.
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The curvature ¥ of w is easily computed. It is a horizontal
2-form with values in g, the Lie algebra of G, and has compo-
nents of type (2, 0), (1, 1), and (0, 2) reflecting the product
base space M X UA/%. The formulas for ¥ at (p, A) are as
follows: (1) %, ., = F, ,(A) for t;, t, € TM, 7 (p)); (2) F, . =
7(t) for t € T(M, 7 (p)) and 7 € T(A/%4, {A}) (so that 7 €
C*(A! ® g) and D47 = 0); and (3) ¥, = Gb*(o) where G =
(D4D,) tand b,: A°® g > Al @ giis given by f— [7, fl. In
local coordinates, the (2, 0) component of the field is F), ,. The
(1, 1) component is 8A,, while the (0, 2) component is
(D%D4)"'[6A,, 8B,)(x) with 8A and 8B in the background
gauge. Here, 7 is the projection of P onto M.

If we apply the index formula for a family (2) to fyx one
obtains Theorem 1.

THEOREM 1. ch(Ind ) = [ma(M) ch(€) where € = 2 XCN

a vector bundle over M X U /4, & is the usual characteristic
class associated with the spinor index and ch is the Chern
character.

The curvature formulas above give explicit formulas for
the characteristic classes of € in terms of differential forms
(3). For example, suppose M = 5§, G = SU(N), and p is the
identity representation. Then, (M) = 1 and the Chern char-
acter of Ind 4 is expressed in terms of the Chern classes of €
integrated over M. These Chern classes are the invariant
polynomials k;(%) where

Sk(TN = det(tIN + = T).
2

The invariant polynomials k;(T) are also expressible in terms
of tr(T*), and there is some simplification for SU(N) since
tr(T) = 0, So,

ko

1,

i
Er t(T) = 0,

k(T)
kx(T) = -1 2
AT) = =25 (1Y),

- i 3
k(M) =~ (),

1 T 2\2
ki(T) = ~%A (tr(T)“ - &2)—))

1
= —55.7 (D)) + K(T)/2, ete.

COROLLARY 1.1. Let M = S?™. The Chern classes of Ind §
are expressible in terms of dy; = [s20 Kj+a(F)2n,2; forms of
degree 2j on U/, where K n(%F);n,; stands for the (2n, 2j)
component of Kj+o(%).

For example, when M = S*, the 0™ Chern class is

-1 f 5y 1 I 2
J; . k2(Fap 82 Jse tr(F g0 = 82 s tr(F~),

the usual Pontrjagin index. While the first Chern class c; of
Ind 4 equals

- i 3
J;‘ k3y(F)sp = 2am3 J;‘ tr(%F°)4 2
i
= _m J;‘ EaBys tr{F,,,gF.,aGb.’,"(O')

+ FaBGbr(O’)Fyg + FD,B°(T,,0'5 + O',sT.y)}
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as a 2 form on /% evaluated on the pair of tangent vectors
T, O.

When p # Id, the above formulas hold with p- % replacing
% and trp (the trace in the p-representation) replacing tr.

Suppose G = SU(N), M = §**, and % is the group of gauge
transformations leaving a point fixed. Then % is the group of
the principal bundle with base 2/ and total space %, which
is topologically trivial. The Chern classes d; = [sm Kjsn
($F)2n,2j> Which are 2j forms on /%, can be lifted to forms on
U that are exact on U: d,; = dB,;—1. Moreover, Bzj—1|omwit =
t,;-1 is a closed 2j — 1 form on § representing a generator of
H¥™1(%, R) (N =j + n), modulo products of lower order.

Although B,;_; are determined only up to an exact differ-
ential, secondary characteristic classes give explicit formu-
las for B,;_1 and #,;_, in terms of differential forms. Lift ;. ,
(%) from M x A/% to 2, where it equals dpay;+2,-1, With
@201 the secondary characteristic class (formula 73 in
ref. 3). That is, azj420-1 = @j20-1 W) = (j + n). J§ kjen(w,
Fy ..., F)dt with F, = tF + Va(t — t3)[w, w]. Lift aj124-1 to
P x U and denote it by @;j+2,-1. For simplicity, assume P =
M X G (the k = 0 sector) sothat M X A C P x UA. Let B,
= [m @zj+27-122j — 1 form on %, and let 1;;_, be the restric-
tion of B,;_; to an orbit 4-A.

THEOREM 2. dByj—1 = dyj. When p = Id, then ty_, repre-
sents a primitive element in H3"Y(4, R)j + n = N—i.e., ty—1
represents a generator modulo products of lower order.

The nonproduct case is slightly more complicated. The G-
connection w on 2 comes from a G-connection w on P X 9.
Choose a connection B on P and extend it to P X 9. The
form ;42,1 used above is replaced by a where

kj+n(ga’) - kj+n(FB) = da

and « is given by formula 70 in ref. 3—i.e.,
1
a=G+n [ kol = B, B, .., s

and
F = gsﬂ(&—m.

It should be remarked that the characteristic classes
dy; are not local, for they involve the Green’s operator
(D4D,)"! in the curvature ¥. However, the closed forms
tj—1 on 4§ are local and Theorem 2 implies they are directly
expressible in terms of the Chern—Simons secondary class-
es. That is, suppose fi, ..., f>;-1 are elements in the Lie
algebra of 4—i.e., in C*(A° ® SU(N)); because 4 acts on P,
the fs can be viewed as vertical vector fieldson P = M X G.
They are also left invariant vector fields on 4.

Let i(f) denote interior product by the vector field f and

i(f1, ooy f25-1) = i(f2;-1) ... i(fD).
Then, at ¢ € 4,

tj_1(f1, ooy f2j-1) = fM i(f1, ..., f2j-1Dazjr20-1(PA).
For example, for M = S* andj = 1, we obtain the 1-form

. 1
n(f) = fs , ((Pasiéa) = ~5—3 L i fo tr(GA(F g

+ Vet = 1)[¢A, $A)) (tFya + Yalt — 1))[A, AL

This formula for #, is the formula for a nonabelian chiral
anomaly (4-6). See also refs. 7-9 for a self contained account
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of the relationship between anomalies in all dimensions and
secondary characteristic classes.

One interpretation for this anomaly involves determi-
nants. Consider the operator Ty = gffsa: C*(S*T ® E) >
C*(S* ® E), when ¢4 and dg have no zero frequency modes.
The operator T is a Laplacian plus lower-order term. It has
pure point spectrum {A;}, and all but a finite number of eigen-
values lie inside a wedge about the positive real axis. Hence,
2\, makes sense except for a finite number of eigenvalues
lying on the negative real axis.

When T has positive eigenvalues one can define log det T
as

_4
2| T,
5=0

We extend this definition by letting /-P denote projection on
a finite dimensional space spanned by the eigenfunctions
having eigenvalues A, ..., A, including those eigenvalues in
[=oo, 0]. Let

k
det T¢ - elog det (PTd’).n )‘j,
j=

which is well defined. Moreover, ¢ — det T, is a smooth
nonvanishing complex valued function on 4. Since log det T,
may not be definable, det T, can give a nontrivial element in
H(8, Z). A direct computation using { function regulariza-
tion gives Theorem 3.

1
THEOREM 3. t; = i d(det Ty)/det Ty + df; that is, t;
and i d(det Ty)/det T, represent the same element of H*

i
A/%, R).

As explained above, the 1-form #; on % comes from the
first Chern class d; of Ind dy/4, a 2-form on A /% equaling [+
k3(F)42. The first Chern class of Ind 4 is the Chern class of
the determinant line bundle of Ind 4, and it has the following
physical interpretation. Consider the fermionic path integral

$,4) = [ eI DB)FDUED ... $)EIDIDY

which equals
2 (=1)(det FFD){EAVn1y» XDEA(Yny» X2)

eee EA(y1r(r) > xr)}?

« is a permutation and E, is the propagator for g4. Expand
E, in terms of the eigenvectors ¢; of gd4 and ¢ = d4y;/\; of
d4d% obtaining

() ® ¥;(x)
Z—Aj .

In particular

’

o ; i(x
[ i = an T M
J

all quantities depending on A. The expression makes sense

when there are no zero frequency modes. Suppose A — B

with \; — 0. The expression $,(4) approaches det/A;- ¢y (y)

® yn(x) with gdgyy = 0. However, ¢ is determined only up to
a phase and a consistent choice must be made.

For r > 1, it is easy to see that because of the exclusion

principle, $,(B) is indeterminate only when there are exactly

r zero frequency modes for gg. Moreover, the indetermin-
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ancy depends only on a phase, the choice of a generator in
A’(ker dp), the 1-dimensional space of skewsymmetric r ten-
sors of ker dp.

THEOREM 4. A gauge covariant $.(A) smooth in A exists if
and only if the determinant line bundle of Ind @ is trivial—
ie.,d; = 0in H(U/G, Z) or t; = 0 in H(, 2).

The characteristic forms d,;eH 2j(U /8, Z) are obstructions
to the existence of a covariant propagator for dy,¢. We ask
the question: Do the higher obstructions have physical sig-
nificance?

Using our earlier discussion of the topological index, one
can show, for M = §?" and G = SU(N), Theorem 5.

THEOREM 5. If p is the identity representation, then dy; €
H3(U/4, R) and t,;-, € H"X(%, R) do not vanish forj = N
-n.

Gravitational anomalies are the subject of a recent pre-
print (10), especially for the Dirac operator, the Rarita-
Schwinger operator, and the signature operator. These oper-
ators are dependent on the metric and are covariant under
diffeomorphisms. The formulas obtained in ref: 10 by pertur-
bative calculations at the one-loop level can also be obtained
by the methods described in this paper, using the families
index and secondary characteristic classes (unpublished re-
sult; O. Alvarez and B. Zumino, personal communication).

Specifically, Y is replaced by the space of all metrics 3¢ of
the manifold M. 4 is replaced by the group of diffeomor-
phisms of M leaving a basis at one point fixed (Diffy(M)).
Each metric p € I gives a Dirac operator g, (and other geo-
metric operators) with the covariance d;., = ¢‘lﬂp¢ for ¢ €
Diffy(M). Thus, I/Diffo(M) is the parameter space for the
family {g,}.

The space P X U is replaced by a sub-bundle of B x IR
where B is the bundle of bases of M. The sub-bundle is the
set of all frames relative to each metric p € M. The group
Diffo(M) acts on the sub-bundle and gives a quotient Q
which is a principal O(n) bundle over a base space, itself a
fiber space over I/Diffy(M) with fiber M. The first Chern
class of the family can be promoted to a 1-form on Diffy(M),
which is directly expressible in terms of secondary charac-
teristic classes. Since only Pontrjagin classes are involved,
nonzero results are obtained only in dimensions n = 4k + 2.

It is our pleasure to record our gratitude to many physicists who
have helped us understand anomalies: O. Alvarez, D. Friedan, J.
Goldstone, R. Jackiw, R. Stora, E. Witten, and B. Zumino. We are
especially indebted to D. Quillen for reading and correcting an error
in our original manuscript. He has independently investigated the
determinant line bundle, its Chern class, and the corresponding
anomaly for the 9 family on Riemannian surfaces. I.M.S. was sup-
ported in part by National Science Foundation Grant MCS80-23356
and in part by the Miller Foundation.

Note Added in Proof. An exposition of the first obstruction and its
relation to the chiral anomaly, intended primarily for physicists, can
be found in ref. 11.
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