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The concepts of hardness vq = (a2E/8N2)v
ABSTRACT
and fukui function f(r) = [ap(r)/aN]v, which have recently
been associated with the theory of chemical reactivity in molecules, are extended to the theory of metals. It is shown that at
T = 0, 1/vp = g(EF) andf(r) = g(EF, r)/g(EF), where g(eF), and
g(EF, r) are the density of states and the local density of states,
at the Fermi energy Er, Softness S and local softness s(r) are
defined as 1/vp and Sf(r), respectively, and it is shown that

s(r) = kj [(p(r)N) - (N) (p(r))],
where the averages are over a grand canonical ensemble. It is

Au, which is the Lagrange multiplier in the Euler-Lagrange
equation in density functional theory, and
= )E(
[1]
A v(r)
VN

where E is the total electronic energy, N is the number of
electrons, and v(r) is the external electrostatic potential an
electron at r feels due to the nuclei. Mulliken's formula
- V2(I + A) is no more than the finite-difference approximation for Eq. 1.
Similarly, the natural definition of the hardness, called , *
has been shown (8) to be

pointed out that the postulate that f(r) or g(EF, r) determines

site selectivity for metals in chemisorption and catalysis is synonymous with the recent argument by Falicov and Somorjai
[Falicov, L. M. & Somorjai, G. A. (1985) Proc. Nat!. Acad.
Sci. USA 82, 2207-2211] that such selectivity is determined by
low-energy density fluctuations.

The behavior of an atom or a molecule often is characterized
by some parameters that chemists have extracted from their
experience and used for the prediction of chemical reactivity.
The electronegativity X, defined by Mulliken (1) as the average of ionization potential I and electron affinity A, X =
V2(I + A), is such a parameter; it is a useful measure of the
tendency of a species to attract electrons. Another such conception is the idea of hardness or softness, introduced by
Pearson (2, 3) in studying acid-base chemical reactions of
the type A + :B -* A:B, where A, the acceptor of electrons,
is the acid, B, the donor of electrons, is the base. Acids and
bases are classified as hard or soft as shown below.
Soft
Hard
low positive charge
Acids
high positive charge
high polarizability
low polarizability
larger size
small size

a2E

7 d2

aN /v(r)

v(r)

[2]

which has the finite-difference approximation I - A. It is
remarkable that chemists sensed the importance of the quantities X and Y7 before their quantitative definitions as first and
second derivatives of the E versus N curve were realized.
The hardness/softness/acid/base principle has been derived
using Eq. 2 as the definition of hardness (8) and has been
commented on (9).
Both X and 77 are global properties in the sense that they
characterize the species as a whole. On the other hand, the
frontier electron densities proposed by Fukui (10, 11) are local properties that depend on r; they differentiate one part of
a molecule from another and serve as reactivity indices. The
density functional expression of this idea is the fukui function defined by Parr and Yang (12, 13), the local quantity

f(r) =taOpw(r)
/V(r)N
f~)

1

O
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k

8v(r) !N

[3]

acids

For a finite system such as a molecule, the derivative in Eq.
3 depends on whether one is adding or subtracting an electron (12). When the molecule is accepting electrons, one has
f+(r), the index for nucleophilic attack; when the molecule
is donating electrons, one has f-(r), the index for electrophilic attack; the average fo(r) = (f+(r) + f(r))/2 is the
index for radical attack (12). The frontier-electron theory of
chemical reactivity (10, 11) transcribes into the postulate
that f(r) determines site selectivity in chemical reactions.
Chemical catalysis is a problem in chemical reactivity, and
so we well may expect the same principle to apply. In the
present paper we demonstrate that it does, at least for the
catalytic activity of metals. We use a formula relating
fluc(ap(r)/1,u)T,v in a grand canonical ensemble to a certain
tuation and we lean heavily on a recent argument by Falicov
and Somorai (14) that local fluctuations are determinative
for catalysis. First we extend the concepts of hardness and
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*In ref. 8 a factor of /2 was included in the definition of 71, which we
here drop.

low electronegativity
easily oxidized
higher polarizability
The principle of hard and soft acids and bases (2, 3) states
that hard acids prefer to react with hard bases and soft
prefer to react with soft bases (both thermodynamically and
kinetically). This principle has been valuable for classifying a
wide variety of chemical facts.
Density functional theory (4-6) has extraordinary potential for quantifying chemical concepts and providing them
with a theoretical basis. Thus the electronegativity X has
been identified (7) as the negative of the chemical potential

Bases
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X

high electronegativity
difficult to oxidize
low polarizability
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fukui function to metals (where they are in fact simpler tt
for molecules because the discontinuities just mentioned
not occur). Then we give the proof of our claim. Finally,
state the result in its most general form.

The local density of states g(E, r) is defined by

g(E, r)

Hardness and Fukui Function for Metals
In the Kohn-Sham (15) formulation of finite-temperat
density functional theory, one has the self-consistent eq
tions

V2 + veff(r)

p(r)=

-

[5]

f(r)

Pei-A1

[71

u)]

and the 4if(r) are the normalized Kohn-Sham orbitals. Fx,jn]
is the exchange-correlation free-energy functional.
From Eq. 5 one has

drp(r) =A(2)
fdkf[e(k)- ], r81

N=

=

(pr

~-(Pr

(N /T,v

(EF, r)

g(EF)

[16]

Softness and Local Softness
It is now natural to define, for any species, the global softS as the inverse of global hardness,

ness

(ON\
\a/.Av(r)

1

s(r) = S f(r)

[9]

where g(e), the density of states at energy E, iS given by

[17]

E]. [10]

=

(p(r))
d u Tv(r)

[18]

Then

S=
-

[15]

and the local softness s (r) by the formula

A,

g(E) = 2. 8(Ei - E) = e(2(21)3J| dk [E(k)
a
AtT=0uiqaoteFri

[14]

The fukui function is the normalized local density of states at
the Fermi level; the normalization f f(r)dr = 1 corresponds
to f g(EF, r)dr = g(EF).

l

where the discrete sum has been replaced by an integra
sum over the band index is assumed here and later in
formulas below. Alternatively,
-

( OiL JTV

q g(EF, r)= g

5

N= f dE g(E)f[E

E)

de g(e, r).

( dN TV

=

where f(ei - u) is the Fermi function,
-

(2)3 f dkI|k(r)I2 S[E(k) - El.

-

Consequently, using Eq. 13, we find from Eq. 3

'

exp[I3(ei

=

p(r) =

8Fxc[p]
Veff(r) = v(r) + * p(r')dl
Ir - r'I + p(r)

= 1 +

I qiP(r)I2 6(E

At absolute zero temperature we therefore have, in analogy
with Eq. 12,

A44 =ei

4i((r)12f(e, -u),

E

=

idr s(r).

[19]

For metals at T = 0 we have
At T

=

0, A is equal to the Fermi energy

EF

Ei < /
f(ei

{

=

Ei > /.

and

S =

[it]

At T = 0 we therefore have

Af
N

=

JdE g(E)

[12]

[20]
[21]

The fukui function may therefore be thought of as a normalized local softness.
With these definitions, molecules and infinite systems are
described in a unified way. Note that different metals have
different softnesses, all large, but not infinite as would be
implied by use of the finite-difference approximation 7q = I A.
Softness and Fluctuations in a Grgnd Ensemble

and hence

dNX

1

(t)T,JTV =1 g(E),
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AEF),

s(r) = g(ASF, r).

[13]

where V is the volume and the lattice structure remains unchanged in the differentiation here and later. For a metal at
absolute zero, the reciprocal of the hardness is the density of
states at the Fermi level.

Consider our system of interest, be it metal or molecule, as a
member of a grand canonical ensemble of equivalent systems at the same T, V, and ,. Denote averages over the ensemble with symbols ( ). Then N in the foregoing formulas
is (N), and there is a textbook formula for (N2) - (N)2,
( (N) )
T [(N2) - (N)2].
[22]
\ O.L T,V k
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Large softness and large number fluctuations go together!
There is an even more interesting local fluctuation formula, however, derived in the Appendix starting from the formula for (p(r)) in a grand ensemble. Namely,
1
s(r) = f(r)S = - [(p(r)N) - (N)(p(r))].
kT

[23]

Local softness or the fukui function measures the local fluctuations in p(r), as they vary with r! The fluctuations in Eqs.
22 and 23 both depend linearly on T as T -O 0.
We note in passing that boson systems are softer than fermion systems. With the upper sign for fermions, the lower
sign for bosons, one has
1 ± exp[/3(e

-

quadrature and f(r) by then taking a quotient; the information in g(eF, r) is equivalent to the information in g(EF) and
f(r). The extent to which f(r) by itself suffices to predict
reactivity is uncertain at present, though clearly it carries all
information about relative site preferences within a given
species.
We have no reason not to suppose that our conclusions are
not universally valid.
APPENDIX
Eq. 23 in the text is here derived within the theory of the
classical grand canonical ensemble. The same conclusion remains true in quantum systems.
The interaction potential of the N-particle system is given
by

A)][

and Eq. 22 gives

VN(1, ..., N)

( + exp[/(e. -

[25]

N N

V(ij).
+(i) + >d
i

[Al]

<i

Metals in general are soft (16), with large g(eF). Chemisorption and catalytic reactions on metal surfaces can then be
thought of as soft-soft chemical reactions. Transition metals
are particularly active because of their high g(eF). One may
reasonably then suppose that the same principle will hold as
for molecules (12), that f(r), in this case g(e9 , r), measures
the site reactivity for metal surface reactions. For magnetic
materials, the spin density functional theory will be required,
and the necessary generalizations will be the spin fukui functions
(r) '

fi (r)

=t(apI(r))

f...fn

N

fl e(i, j)dig ...,9 dN,

Z*(i)

[A2]

where
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[A3]

with (3 = 1/kT and

e(1, 2) = exp(-,f3V(1, 2)).

[A4]

Then

(pMl)

1
=

ab8#8-Z*(1)

= Z"(1)=

Using Eqs. A3 and A4,

we

8n .S
c In Z*(l)'
_

_

[A5]

_

obtain

8(p(l)) dZ*(2) d

a(p(1))

AZ*(2)
8Z'*(2)
=

=

Discussion
We have demonstrated that the fukui function f(r) and/or
the local softness s(r) are valid quantitative indications for
chemical reactivity, for metals as well as for molecules. In
metals at T = 0, s(r) is the local density of states at the Fermi
level, the quantity usually called g(EF, r). Strong confirmatory evidence comes from the similarity to the postulate of
Falicov and Sonorjai (14) about the importance of fluctuations in charge, our Eq. 23.
Support also is provided by the calculation of Feibelman
and Hamann (18), for sulfur adsorbed on the Rh (001) surface. These authors show that g(EF, r) changes at and propagates from just the site at which sits the poisoning atom.
We have featured the local softness s(r) in this paper, but
it would also be possible to work with a local hardness 71(r)
(19, 20). For a metal, s(r) appears to be more convenient.
For a metal at T = 0, from g(EF, r) one can obtain g(eF) by

h2 )k

Z*(1) = exp(,B(A - +(i))) (

Not the entire metal surface is catalytically reactive, as was
first pointed out by Taylor (17).
Falicov and Somorjai (14) recently have argued that the
catalytic activity in transition metals is associated with lowenergy electronic fluctuations. Eq. 23 above shows that their
postulate is akin to ours: large f(r) means large fluctuations
and vice versa, or for magnetic systems f t and f 1. It is
equivalent to say that the preferred sites on a metal surface
for chemisorption and catalysis are those for which the initial
changes in Work function on adsorption are the biggest (12).
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pfIdr28 In Z*(2)

8
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dr2 ((p(2) * p(l))

-

P {(N p(l))
-

-

Z*(2)

p

dr2

Z*(1)

(p(2))(p(l)))

(N)(p(1))}.

[A6]
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